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Abstract
For gauge groups U(1) and SO(3) we classify invariant G2-instantons
for homogeneous coclosed G2-structures on Aloff-Wallach spaces Xk,l. As
a consequence, we give examples where G2-instantons can be used to dis-
tinguish between different strictly nearly parallel G2-structures on the same
Aloff-Wallach space. In addition to this, we find that while certain G2-
instantons exist for the strictly nearly parallel G2-structure on X1,1, no such
G2-instantons exist for the tri-Sasakian one. As a further consequence of the
classification, we produce examples of some other interesting phenomena,
such as: irreducible G2-instantons that, as the structure varies, merge into
the same reducible and obstructed one; and G2-instantons on nearly parallel
G2-manifolds that are not locally energy minimizing.
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1 Introduction
A 3-form ϕ on an oriented 7-dimensional manifold X7 is called a G2-structure, if
it takes values in a certain open subbundle Λ3+ ⊂ Λ3. Such 3-forms ϕ determine
(in a nonlinear way) a Riemannian metric gϕ. In the case when the holonomy
of gϕ lies inside the exceptional Lie group G2, the pair (X7, ϕ) is called a G2-
manifold, or equivalently ϕ is said to be torsion free. A G2-instanton is a solution
to a gauge theoretical equation that can be written in an oriented 7-dimensional
manifold X7 equipped with a G2-structure ϕ. Even though G2-instantons have
entered the mathematical literature for over 30 years now [13], it was only in the
past few years that the first nontrivial examples appeared, namely in [27], [25],
[28], [12], [24] and [22]. This recent interest in G2-instantons is mostly due to the
suggestion by Donaldson-Thomas [15] and Donaldson-Segal [16] that it may be
possible to useG2-instantons to construct an enumerative invariant ofG2-manifolds.
However, adding to the scarcity of examples there are substantial difficulties in
constructing such an invariant. In fact, it is conceivable that in order to overcome
some of these difficulties one may need to considerG2-structures that are not torsion
free. Indeed, there is a larger class of G2-structures, other than just the torsion
free class, with respect to which the G2-instanton equation still lies in an elliptic
complex. All of this leads us to investigate G2-instantons for these more general
G2-structures. For example, one may ask to what extentG2-instantons are persistent
under deformations of the G2-structure. In this paper we classify homogeneous
(invariant) G2-instantons on an infinite family of 7-manifolds admitting many such
G2-structures. As a consequence we find many examples of new phenomena and
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are able to investigate what happens to the G2-instantons when the G2-structure
varies.
1.1 Preliminaries
Let (X7, ϕ) be a compact, oriented, 7-manifold equipped with a G2-structure ϕ.
Let gϕ be the induced Riemannian metric, ∗ϕ the associated Hodge star, and ψ the
4-form ∗ϕϕ. If G is a compact, semisimple Lie group and P → X is a principal G
bundle, a connection A on P is called a G2-instanton if
(1.1) FA ∧ ψ = 0,
where FA denotes the curvature of A. When the G2-structure is coclosed, i.e.
dψ = 0, the G2-instanton equation lies in an elliptic complex and we shall restrict
to this case. The torsion free G2-structures correspond to the special case when ϕ is
harmonic. One other special class of coclosed G2-structures are the so called nearly
parallel ones, for which dϕ = λψ for some λ 6= 0. If ϕ is nearly parallel, then gϕ
is Einstein with positive scalar curvature. Another perspective on nearly parallel
G2-structures is that they are exactly those G2-structures for which the metric cone
(R+ ×X7, gC = dr2 + r2gϕ) has holonomy contained in Spin(7).
One other interesting class of connections on a principal bundle over an oriented
Riemannian manifold are the Yang-Mills connections. These are defined as the
critical points of the Yang-Mills energy
E(A) =
1
2
∫
X
|FA|2,
where we use an Ad-invariant inner product to compute the norm |FA|. If the
G2-structure is either torsion free or nearly parallel, then G2-instantons are also
Yang-Mills connections. Moreover, in the torsion free case a simple computation
(equation 2.4) shows that any G2-instanton actually minimizes the Yang-Mills
energy.
1.2 Summary of the main results
The Aloff-Wallach space Xk,l is defined as the quotient of SU(3) by a U(1) sub-
group, whose embedding in SU(3) is determined by two integers k, l. On each
Xk,l we consider a real 4-dimensional family C of G2-structures, which contains
exactly two nearly parallelG2-structures. As proved in [9], for most k, l1 this family
completely exhausts all homogeneous, coclosed G2-structures. In fact, for k 6= l,
1k 6= ±l, k 6= 0, l 6= 0, k 6= 2l, l 6= −2k
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k 6= 2l, l 6= −2k, the two nearly parallel G2-structures are in fact strict, meaning
that the holonomy of the cone metric gC = dr2 + r2gϕ on R+ ×Xk,l is exactly
Spin(7). These and other facts regarding the geometry of Aloff-Wallach spaces are
recalled, with more detail, in section 3. In 3.2, we classify invariant connections
on each Xk,l. These results are then used in section 4 to investigate G2-instantons
on the Aloff-Wallach spaces Xk,l, for k 6= l, k 6= 2l, l 6= −2k. The remaining
case are analysed seperately in section 5. We now summarize the main results of
those sections starting with the more general situation. In 4.2 we classify invariant
Abelian G2-instantons with respect to all ϕ ∈ C, see theorem 5. Here we only state
a corollary, which is proved in the third item of remark 15
Theorem 1. Let k 6= l, k 6= 2l, l 6= −2k. For the generic ϕ ∈ C there is a
unique invariant G2-instanton on any homogeneous complex line bundle over Xk,l.
However, for any such k, l, there do exist ϕ ∈ C so that any such bundle has a
1-parameter family of invariant G2-instantons.
Then, in section 4.3 we focus on invariant G2-instantons with gauge group
SO(3). Any homogeneous SO(3)-bundle on Xk,l can be constructed as Pλn =
SU(3)×U(1)k,l,λn SO(3), where λn : U(1)k,l → SO(3) is a group homomorphism
and the integer n ∈ Z denotes the degree of the induced map between maximal tori.
We construct explicit maps σi : C → R, for i = 1, 2, 3 whose significance is given
in theorem 6. Below we give a summarized version of that result, when combined
with theorem 7.
Theorem 2. Let k 6= l, k 6= 2l, l 6= −2k and ϕ be a homogeneous coclosed
G2-structure on Xk,l. Then, invariant and irreducible G2-instantons on Pλn with
respect to ϕ exist if and only if one of the following holds
1. n = k − l and σ1(ϕ) > 0,
2. n = 2l + k and σ2(ϕ) > 0,
3. n = −l − 2k and σ3(ϕ) > 0.
Moreover, if {ϕ(s)}s∈R ⊂ C is a continuous family ofG2-structures with {σ1(ϕ(s))}s∈R
crossing zero once from above, then as σ1(ϕ(s))↘ 0, two irreducibleG2-instantons
on Pk−l merge and become the same reducible and obstructed G2-instanton for
σ1(ϕ(s)) ≤ 0. Similar statements hold for σ2 and σ3.
To better visualize the content of the last part of this theorem we refer the reader
to examples 3 and 4, together with their accompanying figures 1 and 2 respectively.
Recall that for k 6= l, k 6= 2l, l 6= −2k, the Aloff-Wallach space Xk,l admits two
strictly nearly parallel G2-structures. As an application of theorem 2, in 4.4 we use
G2-instantons to distinguish these for many values of k, l. Here we will simply state
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Corollary 1. The are many examples of k, l as in theorem 2, such that the two
inequivalent strictly nearly parallel G2-structures on Xk,l always admit invariant
and irreducible G2-instantons, but on topologically different SO(3)-bundles.
In subsection 4.6 we consider a particular example, namely X1,−1. As one
other application of theorem 2, we show in 4.6.1 that X1,−1 admits non-Abelian,
irreducible G2-instantons for a strictly nearly parallel G2-structure. These G2-
instantons are also Yang-Mills, as the G2-structure is nearly parallel, but contrary
to the torsion free case we show in 4.6.2 that they are not energy minimizing (not
even locally). We refer the reader to figure 3 for a contour plot of the invariant
Yang-Mills functional. The results quoted above can be combined into the following
Theorem 3. There is a strictly nearly parallel G2-structure ϕ on X1,−1 such that:
• For gauge group SO(3), there is an irreducible G2-instanton A with respect
to ϕ.
• As a Yang-Mills connection, A is not locally energy minimizing.
We now turn to the case when either k = l, or k = 2l, or l = −2k which was
excluded from the previous results. Using the action of the Weyl group of SU(3),
and up to coverings, we may assume that k = l = 1 so we are working on X1,1.
This case is analyzed in section 5. As already remarked before, on X1,1 the G2-
structures we consider, i.e. those in C, are not all the homogeneous, coclosed ones.
Nevertheless, C does contain nearly parallel G2-structures, inducing 2 different
metrics, one of which is tri-Saskian and the other strictly nearly parallel. There
is however, one other homogeneous nearly parallel G2-structure not in C, which
a Sasaki-Einstein metric. Our first result for X1,1 is theorem 9, which classifies
invariant Abelian G2-instantons with respect to the ϕ ∈ C. The statement is similar
to the case k 6= l in theorem 1. As in that case, the generic ϕ admits a unique
invariant G2-instanton on any line bundle, however there do exist ϕ ∈ C so that the
space of invariant G2-instantons on any complex line bundle is 3-dimensional. In
fact, this can be interpreted in light of a more general phenomenon explained in
proposition 4. Then, in theorem 10 we consider SO(3)-bundles over X1,1, and for
all ϕ ∈ C classify irreducible invariant G2-instantons on them. The statement is
however very similar to that of theorem 2 and we shall omit it in this introduction.
Instead, we state here corollary 5 which a direct application of that result. Its
content being that the existence of invariantG2-instantons, with gauge group SO(3),
distinguishes between the G2-structures inducing the tri-Saskian and the strictly
nearly parallel metrics.
Theorem 4. Let ϕts and ϕnp be respectively the G2-structures inducing the tri-
Sasakian and the strictly nearly parallel metrics on X1,1. Then, there are no
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irreducible invariant G2-instantons with gauge group SO(3) for ϕts, but such
G2-instantons do exist for ϕnp.
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2 Gauge theory and coclosed G2-structures
2.1 Background
This section starts off in 2.1.1 with some basic facts about G2-structures2 and their
torsion. In 2.1.2 we recall some background on G2-gauge theory. In particular,
we identify the coclosed G2-structures, i.e. those for which dψ = 0, as the ones
for which the G2-instanton equation lies in an elliptic complex. Then, in 2.1.3 we
derive some general results on the deformation theory of G2-instantons. These
will be used to give an abstract result, proposition 3, yielding a criteria for when a
G2-structure has the property that any circle bundle processes a G2-instanton. As
a consequence, in corollary 2 this result is applied in the strictly nearly parallel
setting.
2.1.1 Coclosed G2-structures
Torsion of a G2-structure
Fernandez-Gray first classified the torsion of G2-structures in [17] by decomposing
∇ϕ into irreducible G2-representations. The components of dϕ and dψ = d ∗ ϕ
can then be written in terms of those of ∇ϕ. What is nontrivial, but easily checked
using the representation theory of G2, is that the converse is also true. Recall
that the 2-forms and 3-forms decompose into irreducible G2-representations as
Λ2 ∼= Λ27⊕Λ214 and Λ3 = Λ31⊕Λ37⊕Λ327, where the subscript denotes the dimension
of the representation. The Hodge-∗ is an isomorphism of representations and so
induces isomorphic decompositions in Λ4 and Λ5. Using these decompositions the
Fernandez-Gray classification can be recast as follows. Given a G2-structure ϕ, we
have
dϕ = τ0ψ + 3τ1 ∧ ϕ+ ∗τ3, dψ = 4τ1 ∧ ψ + τ2 ∧ ϕ
2see [8] for more on this and other aspects of G2-structures
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for some uniquely determined τ0 ∈ Ω0(X), τ1 ∈ Ω1(X), τ2 ∈ Ω214(X) and
τ3 ∈ Ω327(X). Of special interest to us will be the case when the G2-structure is
coclosed, i.e. when dψ = d ∗ ϕ = 0. Then, τ1 = τ2 = 0 and dϕ = τ0ψ + ∗τ3.
For future reference we shall use pii for i = 1, 7, 14, 27 to denote the projection
onto an i-dimensional irreducible representation. For example, if ω is a two form
we shall denote by pi7(ω) the component of ω ∈ Λ27.
Nearly parallel G2-structures
We now turn to the definition of nearly parallel G2-structures. Given a closed,
oriented, 7-manifold (X7, ϕ) equipped with a G2-structure, its metric cone (R+ ×
X7, gC = dr
2 + r2gϕ) comes equipped with a Spin(7)-structure determined by
Ω = r3dr ∧ ϕ + r4ψ. From the Riemannian holonomy point of view, if gC is
nonsymmetric its holonomy is one of the groups in the following ascending chain
{1} ⊂ Sp(2) ⊂ SU(4) ⊂ Spin(7) ⊂ SO(8).
Equivalently, thinking of G2 has the group stabilizing a nonvanishing spinor in
7-dimensions, the groups above are possible stabilizers of spinors in 8-dimensions
and each is determined by the number of linearly independent spinors fixed. In the
language of spinors, the condition that the holonomy reduces to one of the groups
above is then that the respective spinors are parallel.
Definition 1. As a Riemannian manifold (X7, gϕ) is said to be nearly parallel if
Hol(gC) ⊆ Spin(7), and if Hol(gC) is Sp(2), SU(4), or Spin(7), gϕ is said to be
tri-Sasakian, Sasaki-Einstein, or strictly nearly parallel, respectively. Similarly, we
shall say that the G2-structure ϕ is strictly nearly parallel if Hol(gϕ) = Spin(7).
Strictly nearly-parallel G2-structures, can also be equivalently characterized in
terms of differential forms. Notice that, given a metric g on X7, the cone metric
gC = dr
2 + r2g has holonomy contained in Spin(7) if and only if there is a
compatible G2-structure ϕ, such that the 4-form Ω = r3dr ∧ ϕ + r4ψ is closed.
That is the case if and only if dϕ = 4ψ, which up to scaling and changing the
orientation can be written as
(2.1) dϕ = λψ,
for some λ ∈ R\{0}. Notice that, as ψ is exact, this implies dψ = 0 and from the
point of view of torsion of G2-structures ϕ is coclosed, meaning that all τ1, τ2, τ3
vanish and τ0 = λ is the only nonzero component. As τ0 is the torsion component
living in the smallest irreducible representation, we may think of strictly nearly
parallel G2-structures as the closer to become parallel.
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Remark 1. In fact, notice that if we require that dψ = 0 separately and allow λ
to vanish, then equation 2.1 also include the torsion free case. This shall be useful
as some arguments used for strictly nearly parallel G2-structures also work in the
torsion free case.
In [19], the authors classify homogeneous nearly parallel G2-manifolds, and
give a construction of strictly nearly parallelG2-structures starting from tri-Sasakian
manifolds. We shall recall and use this construction in section 2.2.
2.1.2 Gauge Theory
Let G be a compact semisimple Lie group and P a principal G-bundle over a
manifold X , equipped with a G2-structure ϕ. Recall that a connection A on P is
called a G2-instanton if FA∧ψ = 0, equivalently if pi7(FA) = 0, or if the following
analogue of anti-self-duality holds:
(2.2) ∗ FA = −FA ∧ ϕ.
On the other hand, a connection A is said to be Yang-Mills if it is a critical point
of the Yang-Mills energy
(2.3) E(A) =
1
2
∫
X
|FA|2 dvolg,
and so satisfies the Yang-Mills equation d∗AFA = 0, which together with the Bianchi
identity dAFA = 0 forms a second order elliptic system for the connection (up to
gauge). G2-instantons satisfy a first order equation which in this generality need
not imply they are Yang-Mills connections. Nevertheless we have the following
folklore result, which in the nearly parallel case is due to Harland and Nölle in [20].
Proposition 1. ([20]) If the G2-structure is either parallel or nearly parallel, then
any G2-instanton is a Yang-Mills connection.
Proof. If the G2-structure is either parallel or strictly nearly parallel, dψ = 0
and dϕ = λψ for some λ ∈ R, as in remark 1. Then, if A is a G2-instanton,
∗FA = −FA ∧ ϕ and so
dA ∗ FA = −dA(FA ∧ ϕ) = λFA ∧ ψ = 0.
where in the last equality we use the Bianchi identity and dϕ = λψ.
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The Yang-Mills energy can be equivalently written as
(2.4) E(A) = −1
2
∫
X
〈FA ∧ FA〉 ∧ ϕ+ 1
2
‖FA ∧ ψ‖2L2 .
In particular, if ϕ is torsion free, then the first term is topological and G2-instantons
minimize the Yang-Mills energy. It is then a natural question to ask if the same
must hold for nearly parallel G2-structures. We shall show in example 2 that is not
the case, by providing an example of a nearly parallel G2-structure, together with a
G2-instanton which is unstable as a Yang-Mills connection.
Remark 2. The variation of the Yang-Mills functional at a connection A is
(2.5) δ2EA(a) =
d2
ds2
|s=0E(A+ sa) =
∫
X
|dAa|2 − 〈[a ∧ a], FA〉,
and so we may instead think of the second order operatorH = d∗AdAa−∗[a∧∗FA].
When theG2-structure ϕ is coclosed theG2-instaton equation lies on the elliptic
complex
(2.6) Ω0(X, gP )
−dA·−−−→ Ω1(X, gP ) dA·∧ψ−−−−→ Ω6(XgP ) dA−→ Ω7(X, gP ).
Hence, in the coclosed case the G2-instanton equation is elliptic modulo gauge
(rather than overdetermined). From now on we shall suppose this is the case.
Remark 3. 1. The reason why the G2-instaton equation is consistent in the
torsion free case can be interpreted as follows. The G2-monopole equation
∗∇AΦ = FA ∧ ψ,
is always elliptic modulo gauge. Moreover, if ϕ is coclosed, then the monopole
equation, dψ = 0 and the Bianchi identity dAFA = 0, give ∆AΦ = 0. We
can then compute ∆|Φ|2 = −2|∇AΦ|2 ≤ 0, and the maximum principle
implies that |Φ|2 is constant. Then |∇AΦ|2 must vanish, and the monopole
equation reduces to the G2-instaton equation. Furthermore, the fact that
∇AΦ = 0, implies that if Φ 6= 0, and G is semisimple, then A must be
reducible.
2. To conclude this remark we point out that if theG2-structure ϕ is not coclosed
one may ask a similar questions to those answered in this paper, but for G2-
monopoles rather than G2-instantons.
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In particular, if (X,ϕ) is a compact irreducible G2 manifold, i.e. the holonomy
of the metric gϕ induced by ϕ is equal to G2, any harmonic 2-form can be shown to
be of type Λ214 and so if F ∈ Ω2(X) is harmonic and has integer periods, it defines
the curvature of a connection on a line bundle whose first Chern class is [F ]/2pii.
Still in the torsion free case, Thomas Walpuski, in [27] and [28] using the results
of [25], constructed the only known examples of non-Abelian G2-instantons on
compact, irreducible, G2-manifolds. There are also examples in the noncompact
case, see [12], [24] and [22].
2.1.3 Deformation theory and Abelian G2-instantons
The main idea for this approach to the deformation theory comes from remark 3.
This suggests that given a coclosedG2-structure, instead of studying the deformation
theory of an irreducibleG2-instantonAwe may instead study that of aG2-monopole
(A,Φ) with Φ = 0. Before restricting to that case suppose for now that Φ 6= 0, then
the relevant elliptic complex is
(2.7) Ω0(X, gP )
d1−→ Ω1(X, gP )⊕ Ω0(X, gP ) d2−→ Ω1(X, gP ),
with d1(φ) = (−dAφ, [φ,Φ]) and d2(a, φ) = ∗(dAa∧ψ)−[a,Φ]−dAφ. Equiv-
alently, we can consider the elliptic operator d∗1 ⊕ d2 : Ω1(X, gP )⊕ Ω0(X, gP )→
Ω1(X, gP )⊕ Ω0(X, gP )
(d∗1 ⊕ d2)(a, φ) = (∗(dAa ∧ ψ)− dAφ,−d∗Aa) + ([Φ, a], [Φ, φ]),
which is self adjoint when ϕ is coclosed. The following result, which is a conse-
quence of remark 7, shows that in the coclosed case any infinitesimal monopole
deformation of a G2-instanton is actually an infinitesimal instanton deformation.
This fully justifies studying the deformation theory of the complex 2.7.
Proposition 2. Let A be an irreducible G2-instanton with respect to a coclosed
G2-structure on a closed manifold. Then, if (a, φ) ∈ ker(d2), where d2 is the
operator associated with (A, 0) we have φ = 0.
Proof. Let (a, φ) ∈ ker(d2). Then, dAφ = ∗(dAa ∧ ψ), and d∗Aa = 0. Combining
these and using that ψ is closed, we compute
d∗AdAφ = − ∗ dA(dAa ∧ ψ) = − ∗ [FA ∧ a] ∧ ψ.
This vanishes as A is a G2-instanton and so FA ∧ ψ = 0. Then taking the inner
product with φ gives dAφ = 0 and so φ must vanish as A is assumed to be
irreducible.
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Next we shall study the operator d∗1 ⊕ d2 for the trivial connection A = d. It
will be used later to give an existence result for G2-instantons in the Abelian case
Lemma 1. Let L be the operator
L : L2,1(Λ0 ⊕ Λ1)→ L2(Λ0 ⊕ Λ1),
given by L(f, a) = (−d∗a,−df + ∗(da ∧ ψ)). Its cokernel can be identified with
those (g, b) ∈ Ω0(X)⊕ Ω1(X) such that g is constant and b is a coclosed 1-form
satisfying d(b ∧ ψ) = 0.
In particular, if (X,ϕ) has the property that there are no coclosed 1-forms b, such
that d(b∧ψ) = 0, then L is surjective onto Ω00(X)⊕Ω1(X), where Ω00(X) denotes
the functions with zero average on X .
Proof. We shall identify the cokernel of L with the kernel of its formal adjoint L∗,
using the L2-inner product. Then, one computes that L∗(g, b) = (−d∗b,−dg +
∗d(b ∧ ψ)), and so
LL∗(g, b) = (∆g, dd∗b) + (0, ∗(d ∗ d(b ∧ ψ) ∧ ψ)) .
By taking the L2 inner product with (g, b) and using Stokes’ theorem we obtain
〈(g, b), LL∗(g, b)〉L2 = ‖dg‖2L2 + ‖d∗b‖2L2 + 〈b, ∗(d ∗ d(b ∧ ψ) ∧ ψ)〉L2
= ‖dg‖2L2 + ‖d∗b‖2L2 +
∫
X
b ∧ d ∗ d(b ∧ ψ) ∧ ψ
= ‖dg‖2L2 + ‖d∗b‖2L2 +
∫
X
d(b ∧ ψ) ∧ ∗d(b ∧ ψ)
= ‖dg‖2L2 + ‖d∗b‖2L2 + ‖d(b ∧ ψ)‖2L2 .
Hence if (g, b) is in the kernel of L∗, then also LL∗(g, b) = 0 and the computation
above shows that dg = d∗b = d(b ∧ ψ) = 0.
The following result gives a criteria for an abstract construction of Abelian
G2-instantons.
Proposition 3. Suppose (X,ϕ) has no nonzero coclosed 1-forms b such that d(b ∧
ψ) = 0 and L is a complex line bundle over X , then there is a monopole (φ,A) on
L.
Moreover, if ϕ is coclosed, then any such monopole is actually a G2-instanton and
it is unique.
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Proof. To prove this we start with any connection A0 on L and look for (φ, a) ∈
Ω0(X) ⊕ Ω1(X) such that (φ,A0 + a) solves the monopole equation dφ =
∗(FA0+a ∧ ψ). This can be rewritten in the form
−dφ+ ∗(dA0a ∧ ψ) = − ∗ (FA0 ∧ ψ),
and so, together with the gauge fixing condition −d∗A0a = 0 it suffices to solve the
equation L(φ, a) = (0,− ∗ (FA0 ∧ ψ)). Since 0 certainly has vanishing average,
by lemma 1 this right hand side lies in the image of the operator L and we can find
(φ, a) such that (φ,A0 + a) is a monopole on L.
The fact that in the coclosed case the monopoles are actually instantons follows
from the discussion in remark 3. The uniqueness follows from the fact that in this
case the operator L is formally self-adjoint. Then, the fact that when restricted to
Ω00(X)⊕ Ω1(X) it has no kernel shows it is actually an isomorphism from L2,1 to
L2.
As a particular example of how to apply the previous result we shall now
consider the strictly nearly parallel case.
Corollary 2. Let (X,ϕ) be a strictly nearly parallel G2-manifold. Then, for any
α ∈ H2(X,Z), there is a unique G2-instanton on the complex line bundle L with
c1(L) = α.
Proof. We start by showing that in the strictly nearly parallel case we are in the
setup of proposition 3. Suppose b ∈ Ω1(X) is such that d∗b = 0 and d(b ∧ ψ) = 0.
First notice that in this case ψ is exact and so closed, so the second equation can be
written db ∧ ψ = 0. This shows that 3d7b = ∗(∗(db ∧ ψ) ∧ ψ) = 0, which we can
rewrite as 0 = 3d7b = db+ ∗(db ∧ ϕ). Hence, taking d∗ of this equation, we find
0 = 3d∗d7b = d∗db+ ∗(db ∧ dϕ) = d∗db+ λ ∗ (db ∧ ψ) = d∗db,
where we have used that dϕ = λψ and db ∧ ψ = 0 by hypothesis. Putting this
together with d∗b = 0, we conclude that ∆b = 0 and so b is a harmonic 1-form.
However, strictly nearly parallel G2-structures are Einstein with positive constant,
and so have positive Ricci curvature. It then follows from the Böchner formula
and Myers theorem that b = 0. We are then in position to apply proposition 3 and
conclude that there is a G2-instanton on any line bundle over X .
Remark 4. 1. One may wonder if the previous corollary extends from nearly
parallel to a more general class of G2-structures. We will see in the second
bullet of the first item of theorem 12 examples of coclosed G2-structures
where we do not have uniqueness of Abelian G2-instantons. See also the
second item in remark 24.
12
2. The previous proof works equally well for torsion free, irreducible G2-
manifolds, i.e. those with holonomy equal to G2. In that case λ = 0 and
Ric = 0, but the irreducibility shows that there are no harmonic 1-forms.
3. In fact, the previous corollary has the following consequence. Any harmonic
2-form on a strictly nearly parallel G2-manifold, must lie on Λ214. As proved
by Lorenzo Foscolo, a similar result holds for nearly Kähler manifolds, see
theorem 3.23 in [18].
2.1.4 S1-invariant G2-instantons
In section 3 we will be interested in studying G2-instantons that are invariant under
the action of a group which acts transitively. Here we make a detour into U(1)-
invariant G2-instantons, on U(1)-invariant G2-structures. We include this section
so we can refer to its main computation in the proof of theorem 9. Let V be the
infinitesimal generator of a U(1)-action preserving a coclosed G2-structure, i.e.
LV ϕ = 0 and so LV ψ = 0 as well. Now let η ∈ Ω1(X7) be the unique connection
form on the circle bundle X7 →M6 = X7/S1, such that η(V ) = 1 and η|V ⊥ = 0.
Then, the equation LV ψ = 0, together with dψ = 0 shows that both, ιV ψ and
ψ − η ∧ ιV ψ are V -basic, and so are pulled back from M6. We may then write
ψ = −η ∧ Ω1 + τ,
where Ω1 and τ are −ιV ψ and ψ − η ∧ ιV ψ respectively. Moreover, the equations
LV ψ = 0, and dψ = 0 further imply
dΩ1 = 0, dη ∧ Ω1 = dτ.
In fact, since ψ = ∗ϕ is the 4-form associated with the G2-structure ϕ, there
must further exist V -semibasic forms ω ∈ Ω2(X) and Ω2 ∈ Ω3(X), such that
ϕ = η ∧ ω + Ω2 and τ = ω22 . In the setting we will be interested in, all the relevant
principal bundles P overX can actually be regarded as bundles pulled back fromM .
Hence, if A is a connection on P over X and a′ a connection pulled back from M
to X , we have that A− a′ ∈ Ω0(X,Λ1⊗ gP ). Then, splitting Λ1 = 〈η〉 ⊕ 〈η〉⊥ we
can write A−a′ = a′′+φ⊗η, where a′′ ∈ Ω0(X, 〈η〉⊥⊗gP ) and φ ∈ Ω0(X, gP ).
Defining now a = a′ + a′′, the connection A may written as A = a + φ ⊗ η.
Its curvature may then be computed to be FA = Fa + daφ ∧ η + φ ⊗ dη, and
Fa = F
⊥
a − LV a ∧ η with F⊥a semibasic. However, as the connection is assumed
to be invariant under the action generated by V , LV a = 0 and Fa = F⊥a is actually
V -basic. We then compute
FA ∧ ψ = (Fa + daφ ∧ η + φ⊗ dη) ∧ (−η ∧ Ω1 + τ)
= −η ∧ (Fa ∧ Ω1 + φ⊗ dη ∧ Ω1 + daφ ∧ τ) + (Fa + φ⊗ dη) ∧ τ,
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and so the G2-instanton equation amounts to
(2.8) (Fa + φ⊗ dη) ∧ Ω1 + daφ ∧ τ = 0 (Fa + φ⊗ dη) ∧ τ = 0.
2.2 Examples from tri-Sasakian geometry
We start this subsection with a brief discussion of tri-Sasakian geometry, following
the nice review paper [7]. Then, starting from a tri-Sasakian manifold we construct
a family of coclosed G2-structures containing a strictly nearly parallel structure,
and give some existence results for G2-instantons, see propositions 4, 5, and 7.
A tri-Sasakian 7-manifold may be equivalently defined as a Riemannian 7-manifold
(X7, g7) equipped with a 3-orthonormal vector fields {ξi}3i=1 satisfying [ξi, ξj ] =
εijkξk. Any tri-Sasakian X is quasi-regular in the sense that the vector fields
{ξi}3i=1 generate a locally free SU(2) action. The space of leafs Z4, equipped
with the Riemannian metric gZ such that pi : X7 → Z4 is an orbifold Riemannian
submersion, has the structure of an anti-self-dual, Einstein orbifold with scalar
curvature s > 0. Let g7 be the tri-Sasakian metric on X7 and regard pi : X7 →
Z4 as an SU(2), or SO(3) (orbi) bundle of frames of Λ2+Z
4. The Levi-Civita
connection of Z4 equips it with a connection η = ηi ⊗ Ti ∈ Ω1(X7, so(3)), where
the Ti are a standard basis of so(3) satisfying [Ti, Tj ] = 2εijkTk. This has the
property that the η-horizontal forms ωi defined by
Fη = dη +
1
2
[η ∧ η] = s
24
ωi ⊗ Ti,
form an orthogonal basis of (Λ2+ ker(η), g7|ker(η)) with |ωi| =
√
2 and s ∈ R+. We
further remark that the metric g7 can be written as
g7 = η
i ⊗ ηi + pi∗gZ .
Remark 5. To make a connection with the holonomy point of view used in definition
1 we remark that the 2-forms ωi = rdr∧ ηi + r22 dηi equip the cone (R+r ×X, gC =
dr2 + r2g7) with a compatible, torsion free Sp(2) structure.
The strictly nearly parallel G2-structure ϕ constructed in [19], determines a
Riemannian metric gϕ which is a squash of the tri-Sasakian metric g7. We shall
consider the 1-parameter family of G2-structures {ϕt}t∈R\0 such that
(2.9) ϕt = t3η1 ∧ η2 ∧ η3 + t s
48
(η1 ∧ ω1 + η2 ∧ ω2 + η3 ∧ ω3) ,
which determines gϕt = t
2(η21 + η
2
2 + η
2
3) + pi
∗gZ and
ψt =
1
6
( s
48
)2
ωi ∧ ωi + t2 s
48
(η1 ∧ η2 ∧ ω3 + η2 ∧ η3 ∧ ω1 + η3 ∧ η1 ∧ ω2) .
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Recall that, up to scaling, the condition that ϕt be nearly parallel can be written
as dϕt = λψt for some constant λ > 0. In our case we can easily compute from
s
24ωi = dη
i + εijkη
j ∧ ηk that
dϕt = t(t
2 + 1)
s
24
(η1 ∧ η2 ∧ ω3 + η2 ∧ η3 ∧ ω1 + η3 ∧ η1 ∧ ω2)
+2t
( s
48
)2
(ω1 ∧ ω1 + ω2 ∧ ω2 + ω3 ∧ ω3) .
Then, the equation dϕt = λψt becomes 12t = λ and t2 + 1 = 2λt, which has the
solutions t = 1/
√
5, λ = 12/
√
5 and t = −1/√5, λ = −12/√5. Note that we can
scale λ by scaling the metric and change the sign of λ by changing the orientation.
Conversley, it is possible to show that given a positive Einstein, anti-self-dual
orbifold (Z, gZ) there is an SO(3), or SU(2) bundle pi : X7 → Z equipped with a
tri-Sasakian structure, [7], and so has a strictly nearly parallel G2-structure as above.
We further remark that this converse statement may however produce non-smooth
X7. We are now in position to give some examples of G2-instantons, starting first
with SU(2)-invariant instantons and then with S1-invariant examples.
Proposition 4. For any b1, b2, b3 ∈ R the 1-form η = b1η1 + b2η2 + b3η3 equips
the trivial complex line bundle over X7 with a G2-instanton with respect to ϕ√s/48.
Moreover, if L is a complex line bundle over X7 admitting a G2-instanton with
respect to ϕ√
s/48
, then L actually has a real 3-parameter family of G2-instantons.
Proof. The connection η = b1η1 + b2η2 + b3η3 is not only S1-invariant but also
SU(2)-invariant. Its curvature is dη and to show that dη ∧ ψs/48 = 0 it is enough
to show that dη1 ∧ ψs/48 = 0, the dη2 and dη3 equations are dealt with similarly.
So we compute
dη1 ∧ ψt = (ω1 − 2η23) ∧
(
1
6
( s
48
)2
ωi ∧ ωi + t2 s
48
(η23 ∧ ω1 + . . .)
)
=
(
−
( s
48
)2
+ t2
s
48
)
η23 ∧ ω1 ∧ ω1,
which vanishes if and only if t =
√
s/48.
The second part of the theorem follows immediately from the fact that the G2-
instanton equation is linear in the Abelian case.
Proposition 5. Let A be an anti-self-dual connection on a bundle over a positive,
anti-self-dual, Einstein, orbifold (Z, gZ). Then, for all t > 0 the G2-structure ϕt is
coclosed and
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• pi∗A is a G2-instanton on X7 with respect to ϕt. In particular, pi∗A is a
G2-instanton for the strictly nearly parallel G2-structure ϕ1/
√
5.
• pi∗A is Yang-Mills with respect to ϕt.
Proof. The fact that the G2-structure ϕt is coclosed for any t > 0 follows from
computing that dψt = 0. This follows easily from the fact that η1∧η2∧η3 is closed
(in fact exact) and that each ωi ∧ ωi is closed as well, since dωi = 2εijkωj ∧ ηk and
ωi ∧ ωj = 0 for i 6= j. This shows that ϕt is coclosed.
We start by proving the first bullet in the statement, i.e. that A pulls back to a G2-
instanton, let FA denote the curvature of A, which is anti-self-dual by hypothesis.
Hence, as pi is a Riemannian submersion with respect to all gϕt , pi
∗FA ∧ ωi = 0 for
i = 1, 2, 3, it is then easy to check that pi∗FA ∧ ψt = 0.
Now we prove the second bullet in the proposition. To ease notation denote by A
the pullback of such a anti-self-dual connection. Then FA takes values in Λ2− ⊗ gP
and we compute
dA ∗gϕt FA = −dA(FA ∧ ϕt) = −FA ∧ dϕt.(2.10)
However, dϕt = t3d(η123) + tdηi ∧ ωi + tηi ∧ dωi and it is easy to check that
d(η123) = ω1 ∧ η23 + c.p. and ηi ∧ dωi = 2(η13 ∧ ω2 − η12 ∧ ω3) + c.p., where
c.p. denotes cyclic permutations. Putting all these together we have
dϕt = tωi ∧ ωi + (t2 − 6t) (ω1 ∧ η23 + ω2 ∧ η31 + ω3 ∧ η12) .
As FA is anti-self-dual FA ∧ ωi = 0, hence inserting dϕt into the equation 2.10 we
conclude that dA ∗ FA = 0 and A is Yang-Mills.
Remark 6. 1. Recall that the map from G2-structures to the metrics associated
with them is highly nonlinear and certainly not injective. For instance, the
tri-Sasakian metric g7, besides being associated with ϕ1, is also associated
with the G2-structure
ϕts = −η123 + s
48
(η1 ∧ ω1 + η2 ∧ ω2 + η3 ∧ ω3) ,
whose associated 4-form ψts = ∗g7ϕts is given by
ψts =
1
2
( s
48
)2
ω1 ∧ ω1 − s
48
(ω1 ∧ η23 + ω2 ∧ η31 − ω3 ∧ η12)
and satisfies dϕts = 4ψts. This can be related with the torsion free Sp(2) ⊂
Spin(7) structure (ω1, ω2, ω3) on the cone, introduced in remark 5. The
4-form
Θ =
1
2
(
ω21 + ω
2
2 − ω23
)
,
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on the cone, has stabilizer Spin(7), is closed and can be written as Θ =
r3dr ∧ ϕts + r4ψts.
2. The same proof as that of proposition 5 also yields G2-instantons with respect
to ϕts by pulling back anti-self-dual connections on (Z, gZ).
3. One may also consider the G2-structures obtained by scaling differently each
of the ηi, while keeping them orthonormal, i.e.
ϕa,b,c = abcη1 ∧ η2 ∧ η3 + aη1 ∧ ω1 + bη2 ∧ ω2 + cη3 ∧ ω3.
It is easy to check that any such G2-structure is coclosed if and only if
a = b = c.
We now change the point of view on (X7, g7) equipped with its tri-Sasakian
structure, and regard it as a Sasakian manifold with respect to any of the Reeb vector
fields ξq = q1ξ1+q2ξ2+q3ξ3, for a unit quaternion q = q1i+q2j+q3k ∈ Im(H). In
fact, the resulting Sasakian manifold is always quasi-regular and does not depend on
q. Take ξ = ξ1 for example, i.e. (X7, ξ1, g7), then the leaf space (Y 6, ωKE =
dη1
2 )
is a Kähler-Einstein Fano orbifold. In fact Y 6 is the twistor space associated with
the quaternionic Kähler structure on Z. Moreover, Y is smooth if and only if Z
is. In fact, the twistor space also comes equipped with a nearly Kähler structure,
see [23]. The next result relates this nearly Kähler structure with the G2-structure
ϕ1/
√
2 on X . We came across it after a conversation with Mark Haskins, so it may
be known to experts. However, we were unable to locate a reference
Proposition 6. Let (X7, g7) be a tri-Sasakian manifold, then (ιξ1/tϕt,−ιξ1/tψt)
are basic with respect to ξ1 and and equip the twistor space with a nearly-Kähler
structure if and only if t = ±1/√2.
Proof. The forms ω = ιξ1/tϕt, Ω1 = −ιξ1/tψt and Ω2 = ϕt − tη1 ∧ ιξ1/tϕt are all
basic with respect to ξ1 and so they are the pullback of forms on the twistor Y . We
denote these by (ω,Ω1,Ω2) respectively, and we must check these equip Y 6 with a
nearly Kähler structure. Back in X7 these can be written as
ω = t2η23− s
48
ω1, Ω1 =
st
48
(η2 ∧ ω3 − η3 ∧ ω2) , Ω2 = − st
48
(η2 ∧ ω2 + η3 ∧ ω3) .
Then, we compute that dω = −3λΩ1 and dΩ2 = 2λω21 for some λ if and only if
t = ±1/√2, in which case λ = ∓√2 and so (ω,Ω1) does equip Y 6 with a nearly
Kähler structure.
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Remark 7. In particular, using the notation introduced in the proof of the previous
proposition, we can recover the G2-structure ϕt by
ϕt = tη1 ∧ ω + Ω2, ψt = −tη1 ∧ Ω1 + ω
2
2
.
As a consequence, we have
Proposition 7. Let A be a pseudo Hermitian-Yang-Mills (pHYM) connection for
the nearly Kähler structure (ω,Ω1) on Y 6. Then, its pullback is a G2-instanton
with respect to ϕ1/
√
2.
Proof. If A is pHYM, its curvature F satisfies F ∧ ω2 = 0 = F ∧ Ω1. Then,
writing ϕ1 in terms of (ω,Ω1) as in remark 7 we have F ∧ψ1/√2 = 0 and so A is a
G2-instanton with respect to ϕ1/
√
2.
Remark 8. 1. Every nearly parallel G2-manifold carries a metric compatible
connection A, in the tangent bundle whose holonomy is in G2. Therefore, by
the Ambrose-Singer theorem FA takes values in Λ2 ⊗ g2. This connection is
metric compatible and has anti-symmetric torsion, and then one can show
that FA takes values in S2(Λ2), see proposition 3.1 in [20] for example.
Putting all this together we see that actually FA takes values in S2(Λ214), as
g2 ∼= Λ214, and so is a G2-instanton.
2. A similar statement to proposition 7 holds for the pullback of a HYM on Y 6
with respect to its Kähler Einstein structure ωKE = dη1/2. Namely, the
pullback of such a HYM connection yields a G2-instanton for ϕts.
2.3 Deformation theory revisited
In this subsection we shall restrict to case where (X7, ϕ) is a strictly nearly parallel
G2-manifold and prove some rigidity results regardingG2-instantons on them. Then,
in 2.3.2, we prove that on nearly parallel manifolds there are G2-instantons which
are not locally energy minimizing. Recall, from formula 2.4, that the analogous
statement for torsion free G2-structures is always false.
2.3.1 Rigidity
The fact that strictly nearly parallel manifolds are Einstein with positive Einstein
constant gives some hope of obtaining higher regularity for the moduli space of
G2-instantons than on torsion-free G2-manifolds. In this direction we have
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Proposition 8. Let (X7, ϕ) be a strictly nearly parallel G2-manifold, and A be a
G2-instanton with the property that all the eigenvalues of b 7→ −2 ∗ [∗F 14A ∧ b] are
smaller than 6. Then, A is rigid as a G2-instanton and (A, 0) unobstructed as a
monopole. Moreover, if A is irreducible, then (A, 0) is also rigid as a monopole.
Proof. Let A be a connection as in the statement. Then we shall consider the
operator d1, d2 from the complex 2.7, associated with (A, 0). As ϕ is coclosed
these can be written as
d2(a, φ) = ∗(dAa ∧ ψ)− dAφ, d∗2b = (∗dAb ∧ ψ,−d∗Ab),
while d1(ψ) = (−dAψ, 0), d∗1(a, φ) = −d∗Aa. Then, the operator d∗1 ⊕ d2 which
controls the deformation theory of the G2-instanton equation is
(d∗1 ⊕ d2)(a, φ) = (∗(dAa ∧ ψ)− dAφ,−d∗Aa),
which is self-adjoint. In order to study its infinitesimal deformations we must
therefore study its kernel. So let A be as in the statement and (a, φ) ∈ ker(d∗1⊕ d2).
Then, ∗(dAa ∧ ψ) = dAφ and d∗Aa = 0, moreover as ϕ is coclosed we have that
0 = (d∗1 ⊕ d2)2(a, φ)
= (∆Aφ+ ∗([FA ∧ a] ∧ ψ), ∗dA(∗(dAa ∧ ψ) ∧ ψ) + dAd∗Aa).
Then, if A is an irreducible G2-instanton the first entry gives ∆Aφ = 0. Hence,
taking the inner product with φ and integrating by parts we get dAφ = 0. From the
second entry above and using that dϕ = λψ we compute
0 = 3 ∗ dA ∗ d7Aa+ dAd∗Aa
= ∗dA ∗ (dAa+ ∗(dAa ∧ ϕ)) + dAd∗Aa
= ∆Aa+ ∗([FA ∧ a] ∧ ϕ) + λ ∗ (dAa ∧ ψ)
= ∆Aa+ ∗([FA ∧ a] ∧ ϕ),(2.11)
where in the last equality we used that ∗(dAa∧ψ) = dAφ = 0. Putting this together
with the Weitzenböck formula ∆Aa = ∇∗A∇Aa + ∗[∗FA ∧ a] + Ric(a) = 0, we
obtain
∇∗A∇Aa+ ∗([(∗FA − FA ∧ ϕ) ∧ a] + Ric(a).
As FA ∧ ϕ = 2 ∗ F 7A − ∗F 14A , and gϕ is Einstein with positive Einstein constant 6,
i.e. Ric = 6id, we have
∇∗A∇Aa+ ∗([∗(2F 14A − F 7A) ∧ a] + 6a = 0.
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If A is as in the hypothesis of the statement, then taking the inner product with b,
the sum of the last two terms is positive and so we have
‖∇Aa‖2L2 + µ‖a‖2L2 ≤ 0,
for some µ > 0. We conclude that a must vanish identically and as we have already
seen dAφ = 0. Hence, any infinitesimal monopole deformation of (A, 0) is of the
form (0, φ) for some φ satisfying dAφ = 0. These can obviously be integrated as
the path {(A, tφ)}t∈R and so is a purely monopole deformation which keeps the
connection A the same G2-instanton.
Exactly the same proof shows that d2 is surjective (by showing that ker(d∗2) = 0)
proving that (A, 0) is unobstructed as a monopole. Moreover, if A is irreducible,
then dAφ = 0 implies that φ must vanish and so (A, 0) is also rigid as a monopole.
Corollary 3. Let (X7, ϕ) be a strictly nearly parallel G2-manifold. Then,
1. Abelian G2-instantons are rigid.
2. Flat connections are rigid as G2-instantons.
One may wonder if the rigidity of Abelian G2-instantons extends from strictly
nearly parallel G2-structures to a more general class, say coclosed ones. We will
see a counterexample to this in the second bullet of the first item in theorem 12, see
also the second item in remark 24.
We shall now comment on the relation of proposition 8 to the G2-instantons we
constructed earlier in this section.
Remark 9. 1. Through corollary 2 we know that there is a unique G2-instanton
on every complex line bundle L over a strictly nearly parallel G2-manifold.
This actually supersedes corollary 3.
2. A similar result to corollary 3 holds for nearly Kähler manifolds, see theorem
1 in [11]. In fact, also in that case any complex line bundle admits a unique
pseudo-Hermitian-Yang-Mills connection. See theorem 3.23 and remark 3.25
in [18].
It is also possible to find examples of G2-instantons on strictly nearly parallel
G2-manifolds for which proposition 8 does not apply
Example 1. Consider an anti-self-dual, Einstein 4-orbifold (Z, gZ), with positive
Einstein constant admitting a family of anti-self-dual connections (e. g. S4). Then,
by proposition 5, these connections lift to a family of G2-instantons for a strictly
nearly parallel G2-structure constructed on the principal SO(3)-bundle associated
with Λ2+Z. Therefore, in this case G2-instantons have nontrivial moduli and so the
hypothesis in proposition 8 must fail.
20
2.3.2 Yang-Mills unstable G2-instantons
Let A be a G2-instanton for a nearly parallel G2-structure ϕ such that dϕ = λψ.
We have seen, in proposition 1, that such G2-instantons are actually Yang-Mills
connections. Moreover, equation 2.4 and the discussion below it show that in
the torsion free case a G2-instanton minimizes the Yang-Mills energy. That need
not be the case for strictly nearly parallel G2-structures as we now show with a
counterexample.
Example 2. Equip the 7-dmensional sphere, S7 with the nearly parallel G2-
structure ϕts induced from the tri-Sasakian one, as in remark 6. Then gϕts is
the round metric. Now consider the Hopf bundle piH : S7 → S4. A verbatim of the
proof of proposition 5 shows that the pullback, via piH , of a self-dual connection
on S4 is also a G2-instanton with respect to ϕts. Hence, if A is the pullback of a
charge 1 self dual connection on S4, it is a G2-instanton for ϕts. As dϕts = 4ψts,
we have that A is also a (nonflat) Yang-Mills connection. However, it is shown in
[4] that any nonflat Yang-Mills connection on Sn, n > 4, is Yang-Mills unstable.
Remark 10. We have also proved in proposition 5 that the pull-back of a Yang-
Mills connection on a quaternion-Kähler manifold is both a G2-instanton and a
Yang-Mills connection, with respect to any of theG2-structures ϕt, for t > 0. Hence,
the example above also works also for any ϕt with t in a neighborhood of 1.
3 Aloff-Wallach spaces
We start this section in 3.1 by summarizing some facts about the geometry of
homogeneous, coclosed G2-structures on Aloff-Wallach spaces. Then in subsection
3.2 we determine all the invariant connections on homogeneous SO(3)-bundles over
the Aloff-Wallach spaces and use them in 4 and 5 to classify invariant G2-instantons
on the Aloff-Wallach spaces. As a consequence, we discover that G2-instantons
can distinguish between different strictly nearly parallel G2-structures on the same
Aloff-Walach space. We also produce examples of some interesting phenomena, for
instance: irreducible G2-instantons that merge into the same reducible G2-instanton
as the G2-structure varies. This particular phenomenon was expected to occur, but
these are the first examples. In 4.6 we shall also give examples of G2-instantons
for a nearly parallel G2-structure in X1,−1. Some of these are then shown to not
be locally energy minimizing. In fact, they are saddles of the invariant Yang-Mills
functional. Further, in 5.3 we show that the existence of G2-instantons distinguishes
between a tri-Sasakian and a strictly nearly parallel G2-structure on X1,1.
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3.1 Geometry of coclosed G2-structures
Let k, l ∈ Z and U(1)k,l be a circle subgroup of SU(3) consisting of elements of
the form  eikθ 0 00 eilθ 0
0 0 eimθ
 ,
where k + l + m = 0. The Aloff-Wallach space Xk,l = SU(3)/U(1)k,l is the
quotient of SU(3) by this circle subgroup. We shall now recall some basic facts
about the geometry and topology of the Aloff-Wallach spaces. Aloff-Wallach
spaces inherited their name from [1], where they were shown to admit homogeneous
metrics with positive curvature, for klm 6= 0 (see also the survey paper [30] page 18).
Later, Wang showed in [26] that Aloff-Wallach spaces admit homogeneous Einstein
metrics with positive scalar curvature, not all of which are the ones considered by
Aloff and Wallach. In [5], page 116, the authors show that each Xk,l admits at least
two homogeneous Einstein metrics. The authors further show, that for Xk,k (and
those related to it through the action of the Weyl group of SU(3), see remark 12)
one of these is tri-Sasakian and the other strictly nearly parallel, while on the other
Xk,l they are both strictly nearly parallel. As a side remark, we mention that there
are examples of different pairs (k, l) such that the corresponding Aloff-Wallach
spaces are homeomorphic, but not diffeomorphic, [21].
Regarding coclosed G2-structures, Aloff-Wallach spaces were shown to admit a real
4-dimensional family of homogeneous, coclosed G2-structures as described in [9].
To describe homogeneous coclosedG2-structures onXk,l we follow [9] and identify
TXk,l with the imaginary octonions ImO as follows. Let
s =
√
k2 + l2 +m2√
6
,
and fix the following basis for su(3) :
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e1 =
1√
2
 0 1 0−1 0 0
0 0 0
 , e5 = i√
2
 0 1 01 0 0
0 0 0
 ,
e2 =
1√
2
 0 0 00 0 1
0 −1 0
 , e6 = i√
2
 0 0 00 0 1
0 1 0
 ,
e3 =
1√
2
 0 0 −10 0 0
1 0 0
 , e7 = i√
2
 0 0 10 0 0
1 0 0
 ,
e4 =
i
3
√
2s
 l −m 0 00 m− k 0
0 0 k − l
 ,
H =
i√
6s
 k 0 00 l 0
0 0 m
 ,
where
√
6sH is the infinitesimal generator of the u(1)k,l action, while {ei}7i=1
is a basis of u(1)⊥k,l.
A basis for ImO is given by {i, j, k, e, ie, je, ke}. Let A,B,C,, D be nonzero
constants. We identify TXk,l with ImO as follows: identify Ae1 with i and Ae5
with ie; Be2 with j and Be6 with je; Ce3 with k and Ce7 with ke; and finally De4
with e. Let ω1, ..., ω7 be the left-invariant coframe of Xk,l obtained from the ei by
dualising using the SU(3)-invariant metric 〈A,B〉 = − tr(AB) on su(3). With
our identifications, the G2 structure is
(3.1) ϕ = ABC(ω123−ω167 +ω257−ω356)−Dω4∧(A2ω15 +B2ω26 +C2ω37),
The metric gϕ and the 4-form ψ = ∗ϕϕ associated to the G2-structure are:
ψ = ABCD(ω4567 − ω2345 + ω1346 − ω1247) +B2C2ω2367 +A2C2ω1357
+A2B2ω1256.
gϕ = A
2
(
ω21 + ω
2
5
)
+B2
(
ω22 + ω
2
6
)
+ C2
(
ω23 + ω
2
7
)
+D2ω24.
where we have fixed the orientation induced by the volume form volϕ =
7A2B2C2Dω1234567. Also, notice that this family of G2-structures is up to scaling
only 3-dimensional. We now calculate the exterior derivatives of ϕ and ψ, to get
information about the torsion of these G2-structures. We find
23
√
2 dϕ =D(A2 +B2 + C2)(ω4567 − ω2345 + ω1346 − ω1247)
+ (4ABCs−B2Dl − C2Dk)ω2367 + (4ABCs− C2Dm−A2Dl)ω1357
+ (4ABCs−A2Dk −B2Dm)ω1256,
dψ = 0,
where s =
√
k2+l2+m2√
6
. From these we can extract the torsion component τ0:
7√
2
τ0 = 4
(
A
BC
+
B
AC
+
C
AB
)
− D
s
(
l
C2
+
k
B2
+
m
A2
)
Definition 2. Let C denote the spaces of G2-structures of the form 3.1.
Lemma 2. Let k 6= ±l, l 6= ±m, m 6= k, then the space of homogeneous co-
closed G2-structures C may be identified with (R+)2 × (R\{0})2. Moreover, given
(A,B,C,D) ∈ C the corresponding G2-structure can be written as in equation 3.1.
Proof. It follows from the analysis in [9] that for k 6= ±l, l 6= ±m, m 6= k any
homogeneous, coclosed G2-structure is one of those considered above. These are
precisely those with s′ = 0, in that reference. Now notice that the G2-structures 3.1
are parametrized by (A,B,C,D) ∈ (R\{0})4 minus the coordinates hyperplanes.
Moreover, 3.1 stays invariant by any of the following maps (A,B) 7→ (−A,−B),
(B,C) 7→ (−B,−C) and (A,C) 7→ (−A,−C). These discrete symmetries give
rise to a Z2×Z2-action on (R\{0})4, generated by the first two symmetries. Hence,
the G2-structures in equation 3.1 are parametrized by (R\{0})4/Z2 ×Z2. Taking a
fundamental domain for the Z2 × Z2 action we may equally well regard the space
of G2-structures as in 3.1 as R+A × R+B × (RC\{0})× (RD\{0}).
Remark 11. 1. Up to a cover, and the action of the Weyl group (see remark
12 below), the restrictions in the lemma above can be simply written as
(k, l) /∈ {(1, 1), (1,−1)}.
2. In the case when (k, l) ∈ {(1, 1), (1,−1)} we will continue to use C to denote
the G2-structures as in 3.1. However, in that case there are homogeneous
coclosed G2-structures that can not be written as in 3.1 and so are not in C.
3. We know that τ1 = τ2 = 0 because the G2-structure is coclosed, and we can
compute τ3 by τ3 = ∗ (dϕ− τ0ψ).
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AG2-structure of the form 3.1 is nearly parallel, i.e. dϕ = λψ,when (A,B,C,D)
satisfy
A2 +B2 + C2 −
√
2λABC = 0(3.2)
D
(
kA2 +mB2
)− 4sABC +√2λsA2B2 = 0(3.3)
D
(
lB2 + kC2
)− 4sABC +√2λsB2C2 = 0(3.4)
D
(
lA2 +mC2
)− 4sABC +√2λsA2C2 = 0.(3.5)
By fixing an orientation we can suppose that λ > 0. Then, in [9] it is shown
that for k 6= ±l, l 6= ±m, m 6= ±l, the system 3.2 admits precisely eight solutions.
Moreover, up to the action of Z2 × Z2 alluded to in the proof of lemma 2, these
eight solutions give only two nonequivalent solutions ϕ ∈ C, which are in fact
strictly nearly parallel. The following result completely determines the connected
component in C in which each of these structure lives.
Lemma 3. Let k 6= ±l, l 6= ±m, m 6= ±l and ϕnp1 , ϕnp2 ∈ C denote the two
strictly nearly parallel G2 structures. Then, C(ϕnp1), C(ϕnp2) have the same sign,
while that of D(ϕnp1) and D(ϕnp2) is opposite. Moreover, sign(C) is constrained
by λC > 0 and determines the orientation.
Proof. Fix an orientation and suppose that λ > 0. Then, the first equation in 3.2
above implies that ABC must be positive for any such ϕ. On the other hand, it
follows from the analysis in the bottom of page 413 in [9] that the two solutions
have different signs of ABCD and so they must in fact have different signs of D.
Choosing ϕ ∈ C, we have and as A > 0 and B > 0, so we must also have C > 0
(as ABC > 0), which then implies each of the solutions has a different sign of
D.
Remark 12. 1. Notice that the Weyl group of SU(3) moves the U(1)k,l sub-
group inducing an action in the set of Aloff-Wallach spaces. In fact, this action
is generated by Xk,l 7→ Xl,k and Xk,l 7→ Xk,m, which can be combined to
generate the order 3-element σ : Xk,l → Xl,m, i.e. cyclic permutations of
(k, l,m). Hence, up to coverings and this action, there is no loss in supposing
that k and l are coprime and that k ≥ 0, −l ≤ k ≤ 2l.
2. Consider the U(2)-subgroup of SU(3) generated by the image of the homo-
morphism SU(2)× U(1)→ SU(3) given by
(A, eiθ) 7→ diag(Aeiθ,det(Aeiθ)−1).
As C2 ∼= SU(3)/U(2), we obtain a canonical fibration
pi1 : Xk,l → CP2,
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whose fibers one can check to be the lens spaces U(2)/U(1)k,l ∼= S3/Z|k+l|,
if k + l 6= 0, or S1 × S2, if k + l = 0. In fact, using the order 3 element
σ, we may obtain two more fibrations pi2 = pi1 ◦ σ and pi3 = pi1 ◦ σ2,
of Xk,l over CP2. At least two of which have fibres S3/Zp for a nonzero
p ∈ {|k|, |l|, |m|}.
3.2 Invariant Connections
Given a Lie group G, a principal G-bundle P over Xk,l = SU(3)/U(1)k,l is said
to be SU(3)-homogeneous (or just homogeneous) if there is a lift of the SU(3)
action on Xk,l to the total space, which commutes with the right G-action on P . In
general, homogeneous SO(3)-principal bundles over Xk,l are determined by their
isotropy homomorphisms λn : U(1)→ SO(3), and are constructed via
Pn = SU(3)×(U(1)k,l,λn) SO(3),
where the possible group homomorphisms λn are parametrised by n ∈ Z. Explicitly
we can think of SO(3) as SU(2)/Z2, where Z2 acts via multiplication by minus
the identity matrix −1, then λn is given by
λn(θ) =
(
ei
n
2
θ 0
0 e−i
n
2
θ
)
mod − 1.
Definition 3. Let T1, T2, T3 be a basis for su(2) such that [Ti, Tj ] = 2εijkTk. Then
the canonical invariant connection on Pn is
Anc = −
n
2
h√
6s
⊗ T1.
Using the Maurer-Cartan equations, the curvature of the canonical invariant
connection Anc is found to be
F cc = −
n
s
√
6
((k − l)ω15 + (l −m)ω26 + (m− l)ω37) .
Wang’s theorem [29] classifies invariant connections on homogeneous bundles.
In our situation, Wang’s theorem says that SU(3)-invariant connections on Pn are
in bijection with morphisms of U(1)-representations
Λ : (m,Ad)→ (so(3),Ad ◦ λn),
where m is the U(1)k,l-Ad complement to 〈H〉 in su(3). If (1, 1) is not in the Weyl
orbit of (1, 1) and n 6= 0, these split into the irreducible real representations as
m = 〈X1, X5〉k−l ⊕ 〈X2, X6〉l−m ⊕ 〈X3, X7〉m−k ⊕ 〈X4〉,
so(3) = 〈T1〉 ⊕ 〈T2, T3〉n,
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where the weight of each 2-dimensional irreducible representation is indicated by a
subscript. It will be useful to use the notation V1 = 〈X1, X5〉, V2 = 〈X2, X6〉, V3 =
〈X3, X7〉 (these are simply the real root spaces of su(3)). Applying Schur’s lemma
and Wang’s theorem [29] we have
Lemma 4. ((k, l) 6= (1, 1)) Let An ∈ Ω1(SU(3), so(3)) be the connection 1-form
of an invariant connection on Pn over Xk,l, for (k, l) not in the Weyl orbit of (1, 1).
Then it is left-invariant and can be written as An = Anc + (A
n − Anc ), where
(A−Anc ) ∈ m∗ ⊗ so(3), extended as a left-invariant 1-form with values in so(3),
is given by
A−Anc = a1ψ1 + a2ψ2 + a3ψ3 + bω4 ⊗ T1.
Here the ψi denote isomorphisms ψi : Vi
∼−→ 〈T2, T3〉 with |ψ| ∈ {0, 1} with respect
to the fixed basis, and the ai, b ∈ R are constants. Moreover, each ai must vanish if
the weight of Vi is not equal to n, i.e.
a1 = 0, if n 6= k − l
a2 = 0, if n 6= l −m
a3 = 0, if n 6= m− k.
Remark 13. 1. Notice that the order 3 element of the Weyl group W permuts
the different roots and so the different root spaces. In particular, there is no
loss in considering the Aloff-Wallach spaces up to the action of W . Hence, in
the previous lemma when we consider the case k 6= l, it is implicit that also
l 6= m or m 6= k.
2. Since it is not possible to have k − l = l −m = m− k = n without forcing
k = l = m = n = 0, we must have a1a2a3 = 0. This splits us into seven
cases to be analyzed below.
Lemma 5. ((k, l) = (1, 1)) Let An ∈ Ω1(SU(3), so(3)) be the connection 1-form
of an invariant connection on Pn over X1,1. Then it is left-invariant and can be
written as An = Anc + (A
n −Anc ), where (A−Anc ) ∈ m∗ ⊗ so(3), extended as a
left-invariant 1-form with values in so(3), is given by
A−Anc = a1χ+ a2ψ2 + a3ψ3.
Here the ψi denote isomorphisms ψi : Vi
∼−→ 〈T2, T3〉 with |ψ| = 1 with respect to
the fixed basis, and χ : 〈X1, X5, X4〉 → so(3) denotes a linear map, which in the
case n 6= 0 must take values in 〈T1〉 ⊂ so(3).
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Proof. The proof in this case is similar and we simply give the main steps. As before
the proof amounts to using Wang’s theorem, [29], to find the invariant connections.
One must split the corresponding representations into irreducibles as
m = 〈X1〉 ⊕ 〈X5〉 ⊕ 〈X4〉 ⊕ 〈X2, X6〉3 ⊕ 〈X3, X7〉−3,
so(3) = 〈T1〉 ⊕ 〈T2, T3〉n, if n 6= 0
so(3) = 〈T1〉 ⊕ 〈T2〉 ⊕ 〈T3〉, if n = 0.
Then the conclusion follows from a similar application of Schur’s lemma.
3.2.1 Case splitting, for k 6= l
We shall now consider the case when Xk,l is such that (k, l) is not in the Weyl orbit
of (1, 1), which will be investigated separately. Here we use lemma 4 in order to
write down all the possible connection 1-forms, up to invariant gauge transforma-
tions. We shall analyse the different cases corresponding to the different values of
n.
Case 0: n 6= k − l, l −m,m− k
In this case a1 = a2 = a3 = 0 and so every connection is reducible, with
An =
(
−n
2
h√
6s
+ bω4
)
⊗ T1
Case 1: n = k − l
In this case a2 = a3 = 0 and we may use our gauge freedom to write the
isomorphism ψ1 : V1
∼−→ 〈T2, T3〉 as ψ1 = ω1 ⊗ T2 + ω5 ⊗ T3. Then we have
Ak−l =
(
−k − l
2
h√
6s
+ bω4
)
⊗ T1 + a1 (ω1 ⊗ T2 + ω5 ⊗ T3) .
Case 2: n = l −m
Now we must have a1 = a3 = 0 and as in case 1 we may use our gauge freedom
to fix the form of ψ2. We can write the connection form as
Al−m =
(
− l −m
2
h√
6s
+ bω4
)
⊗ T1 + a2 (ω2 ⊗ T2 + ω6 ⊗ T3) .
Case 3: n = m− k
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Similarly, in this case a1 = a2 = 0 and we can write the connection form as
Am−k =
(
−m− k
2
h√
6s
+ bω4
)
⊗ T1 + a3 (ω3 ⊗ T2 + ω7 ⊗ T3) .
Case 4: n = m− k = l −m, i.e. n = l = −k
In this case a1 = 0 and we exhaust our gauge freedom in fixing ψ2 = ω2⊗T2 +
ω6 ⊗ T3, so that
ψ3 = ω3 ⊗ (cos(β)T2 + sin(β)T3) + ω7 ⊗ (− sin(β)T2 + cos(β)T3)
is dependent on an angle parameter β. The connection form is
Al =
(
− l
2
h√
6s
+ bω4
)
⊗ T1 + a2 (ω2 ⊗ T2 + ω6 ⊗ T3) +
a3 (ω3 ⊗ (cos(β)T2 + sin(β)T3) + ω7 ⊗ (− sin(β)T2 + cos(β)T3)) .
Case 5: n = l −m = k − l, i.e. n = k = −m
This is similar to case 4, but with a2 = 0. The connection form is
Ak =
(
−k
2
h√
6s
+ bω4
)
⊗ T1 + a1 (ω1 ⊗ T2 + ω5 ⊗ T3) +
a3 (ω3 ⊗ (cos(β)T2 + sin(β)T3) + ω7 ⊗ (− sin(β)T2 + cos(β)T3)) .
Case 6: a3 = 0, n = k − l = m− k, so that n = m = −l
This is similar to cases 4 and 5, except that we use α for the angle parameter.
The connection form is
Am =
(
−m
2
h√
6s
+ bω4
)
⊗ T1 + a1 (ω1 ⊗ T2 + ω5 ⊗ T3) +
a2 (ω2 ⊗ (cos(α)T2 + sin(α)T3) + ω6 ⊗ (− sin(α)T2 + cos(α)T3)) .
3.2.2 Case splitting, for k = l = 1
Now we use lemma 5 to write down the possible connection 1-forms for an invariant
connection on Pn over X1,1, splitting into cases depending on the value of n.
Case 0: n 6= 3,−3, 0.
An =
(
−n
2
h√
6
+ bω4 + a1ω1 + a5ω5
)
⊗ T1,
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where a1, a5, b ∈ R.
Case 1: n = 0.
A0 = ω1 ⊗ c1 + ω4 ⊗ c4 + ω5 ⊗ c5,
where c1, c4, c5 ∈ so(3).
Case 2: n = 3.
A3 =
(
−3
2
h√
6
+ bω4 + a1ω1 + a5ω5
)
⊗ T1 + a2 (ω2 ⊗ T2 + ω6 ⊗ T3) ,
where a1, a2, a5, b ∈ R.
Case 3: n = −3.
A−3 =
(
3
2
h√
6
+ bω4 + a1ω1 + a5ω5
)
⊗ T1 + a3 (ω3 ⊗ T2 + ω7 ⊗ T3) ,
where a1, a3, a5, b ∈ R.
3.2.3 Topology of the homogenous bundles Pn
Recall from the beginning of this subsection 3.2, that given a group homomorphism
λn : U(1)→ SO(3) we may construct the homogeneous bundle
Pn = SU(3)×(U(1)k,l,λn) SO(3)
over Xk,l. In this section we compute the first Pontryagin and second Stiefel-
Whitney classes of the associated vector bundle En with respect to standard action
of SO(3) on R3. To compute its characteristic classes it will be convenient to use a
lift of En to a Spinc(2) = U(2) bundle Wn. Then, the adjoint bundle gWn of Wn
splits as gWn ∼= R⊕ En, where R denotes the trivial bundle. We can then compute
the characteristics of En via the Chern classes of Wn as
w2(En) = c1(Wn) mod 2, p1(En) = c1(Wn)
2 − 4c2(Wn).
To state the result we recall some facts about the cohomology ring of Xk,l, [21].
Namely that H2(Xk,l,Z) ∼= Z, and that the square of its generator is the generator
of H4(Xk,l,Z) ∼= Zk2+l2+kl. We now state and prove
Lemma 6. The associated homogeneous SO(3)-bundle En has
w2(En) = n mod 2, p1(En) = n
2 mod k2 + kl + l2.
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Proof. The first step towards the computation is to notice that, for any n ∈ Z,
there is actually a homogeneous lift of Pn to a Spinc(2) = U(2) bundle. To see
this take we identify SU(2)× U(1)/Z2 ∼= U(2) by the isomorphism [(A, eiθ)] 7→
diag(eiθ, eiθ)A, and it is easy to see that there is a group homomorphism τ :
U(2)→ SO(3) which is simply τ([A, eiθ]) = A ∈ SU(2)/Z2 ∼= SO(3).
Remark 14. One other way to describe this is by considering the adjoint action of
U(2) on its Lie algebra. This decomposes as u(2) = R⊕ so(3), and U(2) acts on
so(3) ∼= R3 via SO(3).
Then, the bundle Pn can be homogeneously lifted to a U(2) bundle if and only
if there is a group homomorphism µn : U(1)→ U(2) such that λn = τ ◦ µn. That
is indeed the case, as we can simply check that
µn(e
iθ) =
[(
einθ/2 0
0 einθ/2
)
, einθ/2
]
∈ SU(2)× U(1)/Z2
does the job. Then, the canonical invariant connection onWn = SU(3)×(U(1)k,l,µn)
U(2) is Anc = −n h√6s ⊗ diag(i, 0) and its curvature Fnc = −n
dh√
6s
⊗ diag(i, 0).
Then c1(Wn) = [i tr(F cn)] = n[dh]/
√
6s with [dh]/
√
6s being the generator of
H2(Xk,l,Z), and so w2(En) = n mod 2. We now turn to the computation of
p1(En) which besides c1(Wn) also requires c2(Wn) which we can check to be
zero using the formula 1/2[tr(F cn ∧ F cn)− tr(F cn)2]. Therefore, we conclude that
p1(En) = n
2 ∈ Zk2+l2+kl, finishing the proof of lemma 6.
A short computation also yields
Corollary 4. Let n1 = k − l, n2 = l −m, n3 = m− k, then
w2(En1) = k − l mod 2
w2(En2) = k mod 2
w2(En3) = l mod 2
p1(En1) = −3kl mod k2 + kl + l2
p1(En2) = −3k2 mod k2 + kl + l2
p1(En3) = −3l2 mod k2 + kl + l2
4 Gauge theory on Xk,l, with (k, l) 6= (1, 1)
This section is concerned with stating and proving the main results of our paper,
namely theorem 5 and theorem 6, which classify all invariant G2-instantons with
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gauge groups U(1) and SO(3), for any G2-structure ϕ ∈ C as in definition 2.
Recall that, as proved in [9], for k 6= ±l, l 6= ±m, m 6= ±k, these are in fact
all the homogeneous coclosed G2-structures on Xk,l. Then, in theorem 7 we
use the classification to show that in any Aloff-Wallach space as above, there
are irreducible G2-instantons, with gauge group SO(3), which as the G2-structure
varies merge into the same reducible and obstructedG2-instanton. This phenomenon
was expected to be possible and theorem 7 gives plenty of explicit examples, see
for instance examples 3 and 4, together with their accompanying figures 1 and 2,
representing the merge of theG2-instantons. As a consequence of theorem 6 we give
in section 4.4 examples of Aloff-Wallach spaces where G2-instantons can be used
to distinguish between the two inequivalent strictly nearly parallel G2-structures.
More precisely, we show that in these examples there always exist invariant and
irreducible G2-instantons, however these live on topologically different SO(3)-
bundles.
In 4.6, we fix (k, l) = (1,−1) and a nearly parallel G2-structure on X1,−1. After
finding the corresponding invariant G2-instantons we show that any irreducible such
G2-instanton is not a local minimum of the Yang-Mills functional. In fact, they are
saddles of the invariant Yang-Mills functional.
4.1 G2-instantons
Before stating the main results we introduce some quantities which will simplify
the notation later on
Γ = A2B2(m− k) +A2C2(l −m) +B2C2(k − l)
∆ = A2B2l +A2C2k +B2C2m.
Note that for a given Aloff-Wallach spaceXk,l each of these quantities only depends
on the G2-structure 3.1 and varies continuously with it.
4.2 Abelian case
We start below by stating the result classifying G2-instantons with gauge group
U(1). In this case, the possible homogeneous bundles are parametrised by n ∈ Z,
which denotes the degree of the homomorphism λn : U(1)k,l → U(1) used to
constructed the bundle Qn = SU(3)×(U(1)k,l,λn) U(1).
Theorem 5. (Abelian case) Let (k, l) 6= (1, 1) and A be a G2-instanton on a line
bundle over Xk,l equipped with the G2-structure 3.1. Then, either:
1. ∆ 6= 0, in which case there there is a unique G2-instanton in any homoge-
neous line bundle. For instance, if A lives on the bundle associated with λn,
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its connection 1-form is
A = −n
2
(
1√
6s
h+
Γ
3
√
2s∆
ω4
)
.
2. ∆ = 0, but Γ 6= 0 in which case A lives in the trivial homogenous bundle (i.e.
that associated with λ0), and A is simply one of the 1-forms bω4, for some
b ∈ R.
3. ∆ = 0 and Γ = 0, in which case there is a real 1-parameter family of such
instantons on any homogeneous line bundle.
Proof. Any Abelian G2-instanton can also be interpreted as a reducible SU(2)-
instanton. Hence, we can use the formula for the connection in the previous section.
More precisely, for the instanton to be reducible we must have a1 = a2 = a3 = 0,
so
An = − n
2
√
6s
h+ bω4.
Its curvature is
Fn =Fnc + bdω4,
where
F cn =
1
12s2
(n(k − l)ω15 + n(l −m)ω26 + n(m− k)ω37) ,
dω4 = − 1√
2s
(mω15 + kω26 + lω37).
Then we write ψ = −Dω4 ∧ Ω2 + 12ω2, with Ω2, ω2 the pullback of differential
forms on the flag manifold F2 = SU(3)/T 2, and determined by this relation. As
in section 2.1.4, more precisely equation 2.8, we compute that the G2-instanton
equation reduces to the equations
(F cn + b dω4) ∧ Ω2 = 0, (F cn + nb dω4) ∧ ω2 = 0.
It is easy to check that F cn ∧ ω2 = 0 = dω4 ∧ ω2 always. We are therefore, reduced
to the first equation, which turns into
−nΓ− 6
√
2s∆b = 0,
with Γ, ∆ are as in the beginning of this section. In particular we see that F cn∧Ω2 =
0 if and only if Γ = 0 and dω4 ∧ Ω2 = 0 if and only if ∆ = 0. Therefore, if ∆ 6= 0
there is exactly one SU(3)-invariant instanton, whose connection form is
An = −n
2
(
1√
6s
h+
Γ
3
√
2s∆
ω4
)
⊗ T1.
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However, if ∆ = 0 there are no instantons unless nΓ = 0 as well, in which case
there is a 1-parameter family of instantons as we can chose b arbitrarily.
A few remarks are in order, related to how the existence of invariant Abelian
G2-instantons varies with the G2-structure.
Remark 15. 1. Note that for a fixed Aloff-Wallach space Xk,l both ∆ and Γ
vary smoothly with theG2-structure, and generically ∆ 6= 0. Note that ∆ = 0
defines a hypersurface in the space of coclosed homogeneous G2-structures.
2. Suppose that we vary the G2-structure always keeping Γ 6= 0, but crossing
the hypesurface defined by ∆ = 0. We see that the instantons on the bundles
Qn, for n 6= 0, ‘disappear’ when ∆ = 0 and ‘reappear’ on the other side of
the hypersurface.
3. For any (k, l) it is easy to find examples where the situation ∆ = 0 = Γ
occurs. These equations, i.e. ∆ = 0 and Γ = 0, can also be written as
A2(B2 − C2)l = B2(C2 −A2)k
C2(A2 −B2)(l − k) = A2(B2 − C2)(k + l).
For example, it is easy to see that any G2-structure having A2 = B2 = C2
satisfies these equations.
4. The conditions ∆ = 0 and Γ = 0 are independent of scaling the metric as
expected.
5. Both Γ and ∆ are independent of D. This can be understood directly from the
proof, as follows. Recall that (ω,Ω2) induce an SU(3)-structure on the flag
F2 = SU(3)/T 2. Then, it follows from the proof of theorem 9 that F cn ∧ Ω2
and dω4 ∧ Ω2 are proportional to Γ and ∆ respectively. Notice that both
F cn and dω4 are the pullback of 2-forms from F2. Hence Γ, ∆ measure the
components of these 2-forms in Λ2,0 with respect to the complex structure
on F2 induced by Ω2. In particular, the cannonical connection Acn, which
is induced from a connection on F2, is pHYM with respect to (ω,Ω2) if and
only if Γ = 0.
6. Any Abelian connection can be written as a direct sum of connections with
gauge group U(1), so there is no loss of generality in working with gauge
group U(1) when investigating Abelian connections.
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4.3 Non-Abelian case
In this section we prove theorem 6, this classifies invariant and irreducible G2-
instantons on SO(3)-bundles, with respect to the G2-structures ϕ ∈ C on the Xk,l,
for k 6= ±l, l 6= ±m, m 6= ±k. Recall that in these cases, the G2-structures
in C are in fact all the homogeneous coclosed G2-structures on Xk,l. Then we
prove theorem 7 which yields examples of irreducible G2-instantons that, as the
G2-structure varies, merge into the same reducible and obstructed G2-instanton (see
also examples 3, 4).
The reason for focusing our attention on irreducible G2-instantons is that any
reducible one is already taken into consideration by theorem 5. Recall, from the
previous section, that the homogenous SO(3) bundles are also parametrized by an
integer n ∈ Z and we denote them by Pn.
Theorem 6. (Non-Abelian case) Let (k, l) 6= (1, 1) and Xk,l be an Aloff-Wallach
space equipped with one of the G2-structures ϕ in equation 3.1 and n ∈ Z. Then,
irreducible and invariant G2-instantons on Pn exist if and only if
1. n = k − l and σ1(ϕ) = 3
(
m
2 − sADBC
)
∆ + k−l2 Γ > 0; in which case the
instantons have a2 = a3 = 0 and
a21 =
1
12B2C2s2
(
3
(
m
2
− sAD
BC
)
∆ +
k − l
2
Γ
)
b =
1√
2
(
m
2s
− AD
BC
)
.
2. n = l −m and σ2(ϕ) = 3
(
k
2 − sBDAC
)
∆ + l−m2 Γ > 0; in which case the
instantons have a1 = a3 = 0 and
a22 =
1
12A2C2s2
(
3
(
k
2
− sBD
AC
)
∆ +
l −m
2
Γ
)
,
b =
1√
2
(
k
2s
− BD
AC
)
.
3. n = m − k and σ3(ϕ) = 3
(
l
2 − sCDAB
)
∆ + m−k2 Γ > 0; in which case the
instantons have a1 = a2 = 0,
a23 =
1
12B2A2s2
(
3
(
l
2
− sCD
AB
)
∆ +
m− k
2
Γ
)
b =
1√
2
(
l
2s
− CD
AB
)
.
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Proof. Let An be an irreducible, invariant G2-instanton on Pn over Xk,l. In order
to compute the instanton equations we must compute its curvature Fn first. This
may be found by the formula
Fn = Fnc + dAnc (A
n −Anc ) +
1
2
[An −Anc , An −Anc ],
and the Maurer-Cartan equations. Our strategy for finding instantons will be simply
to solve the equations Fn ∧ ψ = 0 for the ai and b in each of the cases listed above.
Case 0 n 6= k − l, l −m,m− k: Here a1 = a2 = a3 = 0, so An, is always re-
ducible and we immediately deduce the last bullet in the statement. We also remark
that the G2-instantons arising from this case are precisely those from theorem 5.
Case 1 n = k − l: Here a2 = a3 = 0, and
Ak−l =
(
− k − l
2
√
6s
h+ bω4
)
⊗ T1 + a1 (ω1 ⊗ T2 + ω5 ⊗ T3) ,
whose curvature is
F k−l = − 1
12s2
((
(k − l)2 + 6
√
2smb− 24s2a21
)
ω15 +
(
(k − l)(l −m) + 2
√
6skb
)
ω26
−
(
(k − l)(m− k) + 2
√
6slb
)
ω37
)
⊗ T1
+
a1√
2
(
ω67 − ω23 +
(m
s
− 2
√
2b
)
ω45
)
⊗ T2
+
a1√
2
(
ω27 − ω36 +
(m
s
− 2
√
2b
)
ω14
)
⊗ T3.
The equations resulting from F k−l ∧ ψ = 0 are:
6
√
2s∆b− 24B2C2s2a21 + (k − l) Γ = 0,
a1BC
(
2ADs+BC(2
√
2sb−m)
)
= 0.
Hence, if a1 = 0 we obtain the same reducible instanton as in case 0 and theorem 5,
while if a1 6= 0, the solutions satisfy
a21 =
1
12B2C2s2
(
3
(
m
2
− sAD
BC
)
∆ +
k − l
2
Γ
)
b =
1√
2
(
m
2s
− AD
BC
)
.
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Therefore, in this case the existence of SU(3)-invariant irreducible instantons de-
pends on the the sign of σ1 = 3
(
m
2 − sADBC
)
∆ + k−l2 Γ.
Case 2: n = l −m. As this case is very similar to case 1, we will omit the
details. We must have a1 = a3 = 0 and if a2 6= 0, solutions to F l−m ∧ ψ = 0 must
satisfy
a22 =
1
12A2C2s2
(
3
(
k
2
− sBD
AC
)
∆ +
l −m
2
Γ
)
,
b =
1√
2
(
k
2s
− BD
AC
)
.
The existence of solutions depends on the sign of σ2 = 3
(
k
2 − sBDAC
)
∆ + l−m2 Γ.
Case 3: n = m− k. Again, we will omit the details. Now a1 = a2 = 0 and if
a3 6= 0, the equation F l−m ∧ ψ = 0 gives
a23 =
1
12B2A2s2
(
3
(
l
2
− sCD
AB
)
∆ +
m− k
2
Γ
)
b =
1√
2
(
l
2s
− CD
AB
)
.
The existence of solutions depends on the sign of σ3 = 3
(
l
2 − sCDAB
)
∆ + m−k2 Γ.
Case 4: n = m− k = l −m, and so n = l = −k. Recall that in this case we
have an angle parameter β. Then, the equation F l ∧ ψ = 0 becomes
6
√
2s∆b− 24A2s2(B2a23 + C2a22) + lΓ = 0
a2
(
2BDs+AC(2
√
2sb+ l)
)
= 0
a3 sin(β)
(
2CDs+AB(2
√
2sb− l)
)
= 0
a3 cos(β)
(
2CDs+AB(2
√
2sb− l)
)
= 0.
squaring and summing the last two equations we are left with
a3(2CDs+AB(2
√
2sb− l)) = 0.
This together with the second equation then implies that either a3 = 0 or a2 = 0, in
which case we can then use an invariant gauge transformation to set β = 0. We have
then reduced this case to the cases 2 and case 3 above. In particular, the existence
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of G2-instantons is determined by the signs of σ3 and σ2 (note that here we have
l = −k).
Cases 5 and 6: These cases exhibit the same phenomena as in the last one and
so reduce to the cases 1,2 and 4 above.
Remark 16. Fix Xk,l and the bundle Pk−l, then the first bullet in theorem 6 shows
that for a G2-structure ϕ so that σ1(ϕ) > 0 there are two irreducible G2-instantons.
In addition, we also have a reducible G2-instanton given by theorem 5 (with n =
k − l). Varying ϕ so that σ1(ϕ)↘ 0 the two irreducible, invariant G2-instantons
existent when σ1 > 0 merge with the reducible Abelian G2-instanton from theorem
5. Indeed, it is easy to check that when σ1 = 0 (and ∆ 6= 0) then a1 = 0 and
b = − nΓ
6
√
2s∆
. We shall see below that the resulting G2-instanton is obstructed.
From the second and third bullet in the statement, a similar phenomena holds on
the bundles Pl−m and Pm−k.
Theorem 7. Let n = k − l, and suppose {ϕ(s)}s∈R is a continuous family of
homogeneous, coclosed G2-structures such that σ1(ϕ(s)) > 0, for s < 0 and
σ1(ϕ(s)) < 0, for s > 0. Then, as s↗ 0 the two irreducible G2-instantons on Pn
from theorem 6 merge and become the same reducible and obstructed G2-instanton
when s ≥ 0.
Proof. Recall that an invariant connection on Pk−l can be written as A = Anc +
bω4 ⊗ T1 + a1(ω1 ⊗ T2 + ω5 ⊗ T3). Similarly, an invariant 1-form with values in
the adjoint bundle can be written as a = fω4 ⊗ T1 + g(ω1 ⊗ T2 + ω5 ⊗ T3), for
some f, g ∈ R. Using these it is easy to compute
dAa = (xdω4 + 4a1yω1 ∧ ω5)⊗ T1
+(ydω1 + 2(by + xa1)ω5 ∧ ω4)⊗ T2
+(ydω5 − 2(by + xa1)ω1 ∧ ω4)⊗ T3.
We are now ready to find the invariant Lie algebra valued 1-forms a which lie in the
cokernel of the deformation operator of theG2-instanton equationL(·) = ∗(dA·∧ψ).
As the G2-structure is coclosed L is self-adjoint and we can identify the cokernel
with its own kernel. Hence a ∈ ker(L) if and only if dAa ∧ ψ = 0, which we
compute to be equivalent to
√
2∆x− 8B2C2sa1y = 0(4.1)
4BCsa1x+
(√
2
(
2
AD
BC
s−m
)
+ 4sb
)
BCy = 0.(4.2)
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Figure 1: Instantons on P2 over X1,−1
Hence, there is a nonzero solution (x, y) if and only if the linear operator in the left
hand side is not invertible, i.e. its determinant vanishes
(4.3) det = 32B3C3s2a2 + (4ADs− 2BCm+ 4
√
2BCbs)∆ = 0.
Inserting into the equation above the formulas in theorem 6 for the reducible
instantons when n = k − l we obtain
det = 8BCσ1/3,
which vanishes if and only if σ1 = 0. We have thus proved that as the instantons
from theorem 6 on Pk−l merge, when σ1 = 0 they become reducible and obstructed
before disappearing.
Remark 17. A similar statement to theorem 7 holds for n = l−m and n = m− k,
with σ1 replaced by σ2 and σ3 respectively.
Here are two examples of this phenomenon.
Example 3. On the Aloff-Wallach space X1,−1 consider the G2-structures given
by B = 1, C = 1, D = 1 with A allowed to vary freely in order to make σ1 change
sign. Then, as A varies the condition for irreducible G2-instantons on P2 to exist is
that σ1(ϕ) = 2(1−A2) be positive, this happens if and only if A2 < 1. See figure
1 for a plot of a1 (the “irreducible part” of the connections) as A varies. There one
can clearly see that the irreducible G2-instantons merge into the same reducible
and obstructed (by theorem 7) G2-instanton.
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Figure 2: Instantons on P6 over X1,−5
Example 4. Similarly we consider G2-intantons on P3 over X1,−5, equipped with
the G2-structures having B = C = D = 1. In this case the existence of irreducible
G2-instantons is controlled by the positivity of σ1(ϕ) = (A2 − 1)(12
√
7A− 42),
which is positive if and only if A2 < 1 or A >
√
7/2. Figure 2 below illustrates
the two irreducible G2-instantons merging into the same reducible and obstructed
G2-instanton.
Remark 18. The phenomenon described above can be interpreted as the G2 ana-
logue of a family of stable holomorphic bundles in a Kähler manifold, that become
polystable as either the Kähler metric or the complex structure varies, see for
example [2] and [3]. We thank Mark Stern for these references.
4.4 Distinguishing strictly nearly parallel structures
Suppose that k 6= ±l, l 6= ±m,m 6= ±k. As remarked in section 3, it is shown
in [9] that the system 3.2 yields two inequivalent solutions ϕnp1 , ϕnp2 ∈ C, which
are strictly nearly parallel. In this section we will give examples of Xk,l where the
G2-instantons can be used to distinguish between ϕnp1 and ϕnp2 . More precisely,
we shall prove that in many examples of k, l the structures ϕnp1 and ϕnp2 do admit
invariant and irreducible G2-instantons with gauge group SO(3). However, the
G2-instantons live on topologically different SO(3)-bundles.
To fix notation, let ϕ+ denote the solution of 3.2 that satisfiesC(ϕ+) > 0, D(ϕ+) >
0, and let ϕ− denote the solution satisfying C(ϕ−) > 0, D(ϕ−) < 0. While it is
possible to solve the equations 3.2 symbolically, the resulting formulae are extremely
unwieldy, so we will instead just write decimal approximations.
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Example 5. (k = 1, l = 2) On X1,2 we find that ϕ+ is determined by
A = 2.82249, B = 2.29632, C = 1.79654, D = 2.49609,
so that
σ1(ϕ
+) = −694.91837, σ2(ϕ+) = −357.13002, σ3(ϕ+) = 102.96860.
On the other hand, ϕ− satisfies
A = 1.69915, B = 2.63936, C = 2.72083, D = −1.72713,
so that
σ1(ϕ
−) = 257.21323, σ2(ϕ−) = −623.28938, σ3(ϕ−) = −676.14197.
Hence, theorem 6 implies that for ϕ+ irreducible, invariant G2-instantons exist only
on the bundle P−4, while for ϕ− irreducible, invariant G2-instantons exist only on
the bundle P−1. These bundles are topologically distinct, indeed using the formulae
from corollary 4 we find that w2(E−4) ≡ 0 (mod 2), p1(E−4) ≡ 2 (mod 7),
while w2(E−1) ≡ 1 (mod 2), p1(E−1) ≡ 1 (mod 7).
Example 6. (k = 1, l = 3) On X1,3 we find that ϕ+ is determined by
A = 2.81314, B = 2.38489, C = 1.76003, D = 2.30416,
so that
σ1(ϕ
+) = −1304.73725, σ2(ϕ+) = −794.17740, σ3(ϕ+) = 286.31370.
On the other hand, ϕ− satisfies
A = 1.70181, B = 2.61482, C = 2.73734, D = −1.76385,
so that
σ1(ϕ
−) = 468.21163, σ2(ϕ−) = −1124.80823, σ3(ϕ−) = −1272.28946.
Hence, theorem 6 implies that for ϕ+ irreducible, invariant G2-instantons exist
only on the bundle P−5, while for ϕ− irreducible, invariant G2-instantons exist
only on the bundle P−2. Also in this case we can use the formulae from corollary
4 to find w2(E−5) ≡ 1 (mod 2), p1(E−5) ≡ 12 (mod 13), and w2(E−2) ≡
0 (mod 2), p1(E−2) ≡ 4 (mod 13), so the bundles are topologically distinct.
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Example 7. (k = 1, l = 4) On X1,4 we find that ϕ+ satisfies
A = 2.80647, B = 2.42496, C = 1.74612, D = 2.20834,
so that
σ1(ϕ
+) = −2113.76099, σ2(ϕ+) = −1378.20704, σ3(ϕ+) = 526.44201.
On the other hand, ϕ− satisfies
A = 1.01066, B = 2.42496, C = 1.74612, D = −1.79228,
so that
σ1(ϕ
−) = 349.25330, σ2(ϕ−) = −1593.71394, σ3(ϕ−) = −823.16662.
Hence, theorem 6 implies that for ϕ+ irreducible, invariant G2-instantons exist
only on the bundle P−6, while for ϕ− irreducible, invariant G2-instantons exist
only on the bundle P−3. Using the formulae from corollary 4 we find w2(E−6) ≡
0 (mod 2), p1(E−6) ≡ 15 (mod 21), and w2(E−3) ≡ 1 (mod 2), p1(E−3) ≡
9 (mod 21), so the bundles are topologically distinct.
Example 8. (k = 2, l = 3) On X2,3 we find that ϕ+ satisfies
A = 2.82707, B = 2.19724, C = 1.84821, D = 2.66829,
so that
σ1(ϕ
+) = −1857.93578, σ2(ϕ+) = −753.70309, σ3(ϕ+) = 107.33579.
On the other hand, ϕ− satisfies
A = 1.69781, B = 2.65772, C = 2.70655, D = −1.70795,
so that
σ1(ϕ
−) = 705.20889, σ2(ϕ−) = −1726.54024, σ3(ϕ−) = −1812.54120.
Hence, theorem 6 implies that for ϕ+ irreducible, invariant G2-instantons exist
only on the bundle P−7, while for ϕ− irreducible, invariant G2-instantons exist
only on the bundle P−1. Using the formulae from corollary 4 we find w2(E−7) ≡
1 (mod 2), p1(E−7) ≡ 11 (mod 19), and w2(E−1) ≡ 1 (mod 2), p1(E−1) ≡
1 (mod 19), so the bundles are topologically distinct.
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Example 9. k = 2, l = 11.
On X2,11 we find that ϕ+ satisfies
A = 2.80000, B = 2.45576, C = 1.73649, D = 2.13220,
so that
σ1(ϕ
+) = −14809.57254, σ2(ϕ+) = −10158.19056, σ3(ϕ+) = 4009.81206.
On the other hand, ϕ− satisfies
A = 1.70630, B = 2.58424, C = 2.75458, E = −1.82250,
so that
σ1(ϕ
−) = 5116.36820, σ2(ϕ−) = −12243.99444, σ3(ϕ−) = −14559.71627.
Hence, theorem 6 implies that for ϕ+ irreducible, invariant G2-instantons ex-
ist only on the bundle P−15, while for ϕ− irreducible, invariant G2-instantons
exist only on the bundle P−9. Using the formulae from corollary 4 we find
w2(E−15) ≡ 1 (mod 2), p1(E−15) ≡ 78 (mod 147), and w2(E−9) ≡ 1 (mod
2), p1(E−9) ≡ 81 (mod 147), so the bundles are topologically distinct.
Remark 19. We did not find any Aloff-Wallach space for which one of the strictly
nearly parallel G2-structures does not admit irreducible, invariant G2-instantons
with gauge group SO(3).
4.5 Yang-Mills connections
It is interesting to consider the question: what conditions on a G2-structure ensure
that a G2-instanton is a Yang-Mills connection? Proposition 1 says that this is
the case for parallel and nearly parallel G2-structures. In this section we shall
characterise the homogeneous coclosed G2-structures ϕ ∈ C for which an Abelian
G2-instanton is a critical point for the Yang-Mills energy.
Proposition 9. Equip Xk,l with a G2-structure 3.1 such that ∆ 6= 0. Let An be the
unique G2-instanton on the line bundle associated with λn. Then A is a critical
point for the Yang-Mills energy if and only if the G2-structure satisfies
(4.4) A2B2(A2 −B2)l +A2C2(C2 −A2)k +B2C2(B2 − C2)m = 0
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Proof. From the proof of theorem 5 we have
An = −n
2
(
1√
6s
h+
Γ
3
√
2s∆
ω4
)
⊗ T1.
The Yang-Mills energy for an invariant Abelian connectionAn =
(
− n
2
√
6s
h+ bω4
)
⊗
T1. is
E(b) =
1
144s2
( 1
A4
(
6
√
2bms+ n(k − l))2 + 1
B4
(
6
√
2bms+ n(l −m))2
+
1
C4
(
6
√
2bms+ n(m− k))2).
Then, we require that at the G2-instanton, i.e. b = − nΓ6√2s∆ be a critical point of
E(b), which immediately yields 4.4.
For completeness we also remark that, in general, the critical points of E have
b =
n
6
√
2s
A4B4l(k −m) +A4C4k(m− l) +B4C4m(l − k)
A4B4l2 +A4C4k2 +B4C4m2
.
Remark 20. 1. If ∆ = 0 then only one of the G2-instantons in the 1-parameter
family described in theorem 5 is a critical point for the Yang-Mills energy.
2. For a given Xk,l the condition 4.4 describes a hypersurface in the space
of homogeneous coclosed G2-structures, containing the nearly parallel G2-
structures.
3. One can carry out a similar analysis to determine conditions on the G2-
structure so that the irreducible G2-instantons decribed in theorem 6 are
Yang-Mills. The space of such G2-structures is cut out in C by two real
algebraic equations.
4.6 For a nearly parallel structure on X1,−1
4.6.1 G2-instantons
We shall now see an example of a nearly parallel G2-structure on a Aloff-Wallach
space, namely X1,−1, for which such instantons do exist. The precise statement we
shall prove is
Theorem 8. Let ϕ be the nearly parallel G2-structure on X1,−1.
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1. For each n, there is a unique, invariant, G2-instanton on the line bundle
Ln = SU(3)×U(1)1,−1,ρn C.
2. Let A be an irreducible and invariant G2-instanton, with gauge group SO(3)
on X1,−1. Then, A lives on the bundle P−1. Moreover, such instantons do
exist.
The rest of this section is dedicated to proving this result. First we must obtain
the strictly nearly parallel G2-structure on X1,−1. This is of the form 3.1, with
A = −4
√
2
5
, B =
4
15
√
75 + 15
√
5, C = − 4
15
√
75− 15
√
5, D = −16
45
√
30,
as a straightforward computation shows. We shall now compute G2-instantons for
this structure. Starting with Abelian ones on the bundles Ln = SU(3)×λn C. The
invariant connections are of the form n2h + a4ω4 and the G2-instanton equation
(n2dh+ a4dω4) ∧ ψ = 0 gives(
−256n
45
+
512a4
75
√
30
)
ω1234567 = 0.
Hence, we must have a4 = n
√
30
36 and the resulting G2-instanton has curvature
F =
n
2
ω15 − n
4
(ω26 + ω37) +
n
√
5
12
(ω37 − ω26).
We turn now to non-Abelian G2-instantons, namely those with gauge group SO(3)
that we constructed before. We start by considering the case n = k − l = 2, i.e.
instantons on the bundle on P2 = SU(3) ×λ2 SO(3). Inserting the A,B,C,D,
associated with the nearly parallel G2-structure, into our general formula one
can check that the quantity inside the square root is negative and so there are no
invariant, irreducible, G2-instantons on P2. In fact, to be a little more explicit
we shall explain all the steps underlying that computation in this case. First, the
more general invariant connection on P2 has a2 = a3 = 0 and so is of the form
A = ( 1√
2
h+ a4ω4)⊗ T1 + a1(ω1 ⊗ T2 + ω5 ⊗ T3). We compute its curvature FA
as before and equate FA ∧ ψ = 0, which yields the following equations
1− 3
5
√
30a4 − 4a21 = 0(4.5)
a1(2
√
2−
√
15a4) = 0.(4.6)
From the second of this we see that either a1 = 0, in which case the connection is
reducible, or a4 = 2
√
2
15 . Inserting this into the first equation we then have to solve
45
−7/5 − 4a21 = 0, which has no real solutions. Alternatively we could have just
evaluated σ1 = −14336/225, which being negative shows that there no irreducible
instantons on P2.
We analyze now the case when n = l −m or n = m− k as in both these cases we
have n = −1. In this case an invariant connection must have a1 = 0, while a2 and
a3 can be nonzero. However, as we have seen in our analysis of the general case,
the G2-instanton equations imply that at least one of these vanish. In fact, after
inserting the values of A,B,C,D into the formulae of theorem 6, we can check
that σ2 < 0 and σ3 > 0. Hence, there are irreducible G2-instantons and any such
has a2 = 0 and
a3 = ±
√
15
60
√
5−
√
5
√
13
√
5− 25, a4 = −
√
6
36
45− 7√5
5 +
√
5
.
The quantities appearing inside the square root are positive and so these solutions do
correspond to genuine G2-instantons for the nearly parallel G2-structure on X1,−1.
For completeness we write the curvature of such an instanton in the usual way with
F1 = −1
2
ω15 − 1
3(5 +
√
5)
(
(15−
√
5)ω26 + (20− 9
√
5)ω37
)
F2 = ∓
√
2
72
√
5−√5
√
13
√
5− 25
5 +
√
5
(
3
√
3(1 +
√
5)(ω12 − ω56) + 16ω47
)
F3 = ±
√
2
72
√
5−√5
√
13
√
5− 25
5 +
√
5
(
3
√
3(1 +
√
5)(ω16 − ω25)− 16ω34
)
.
4.6.2 Yang-Mills unstable G2-instantons
Let A be a G2-instanton for a be a nearly parallel G2-structure ϕ, i.e. such that
dϕ = λψ. We have seen, in proposition 1, that suchG2-instantons are actually Yang-
Mills connections. Moreover, equation 2.4 and the discussion below it show that
in the torsion free case a G2-instanton minimizes the Yang-Mills energy, and so is
Yang-Mills stable. That need not be the case for strictly nearly parallelG2-structures
as we now show with a counterexample on the nearly parallel X1,−1.
Proposition 10. The irreducible G2-instantons constructed in the second item of
theorem 8, over the nearly parallel X1,−1, are unstable as Yang-Mills connections.
Proof. In order to demonstrate instability, it will be sufficient to consider the Yang-
Mills energy only for invariant connections with a2 = 0. We will denote a3 simply
by a. The Yang-Mills energy for the connection
A−1 =
(
h
2
√
2
+ bω4
)
⊗ T1 + a (ω3 ⊗ T2 + ω7 ⊗ T3)
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on P−1 is
E(a, b) =
25
4096
+
50625
4096
(2
√
6b+ 1)2
(75 + 15
√
5)2
+
50625
4096
(2
√
6b+ 8a2 − 1)2
(75− 15√5)2
+
1125
256
a2
75 + 15
√
5
+
91125
147456
a2(4
√
3b+ 3
√
2)2
75− 15√5 .
A routine calculation shows that, as expected from Proposition 1, the G2-
instantons
a = ±1
6
√
12
√
5− 21, b = − 1
36
√
6(202
√
5− 345)
14
√
5− 5
are critical points for this energy. For both of these G2-instantons the determinant
and trace of the Hessian of E(a, b) are
det(Hess(E)) =
1265625
81920000
250875− 126967√5
4580− 1364√5 < 0
tr(Hess(E)) =
1874
512000
54305
√
5− 28931
402− 56√5 > 0,
and so they are critical points of index one, hence unstable as Yang-Mills connec-
tions.
Remark 21. 1. It is not difficult to check that the reducible G2-instanton is the
global minimum for the Yang-Mills energy among all invariant connections
on the bundle P−1 (i.e. even when a2 6= 0.)
2. When restricting to the a2 = 0 case there are three local minimums of the
Yang-Mills energy: the reducible G2-instanton, and a pair of Yang-Mills
connections that are not G2-instantons, see figure 3. The two irreducible
G2-instantons are the two saddles in that figure.
5 Gauge theory on X1,1
In this section we studyG2-instantons onX1,1, with respect to theG2-structures 3.1.
This case was excluded from the previous section, since here the existence result
for invariant connections, lemma 5, requires a separate analysis. We further remark
that in the case (k, l) = (1, 1) the form 3.1 for the G2-structure does not yield the
most general homogeneous coclosed G2-structure. We start by proving theorems
9 and 10, which are the analogues of theorems 5 and 6, classifying Abelian and
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Figure 3: Level sets of the invariant Yang-Mills functional with a2 = 0. One
can see three local minimuns, the global minimum is on top and is a reducible G2-
instanton. There are also two saddles which lie on straight lines from the reducible
G2-instanton to the other local minimuns. Those saddle points correspond to the
irreducible G2-instantons.
non-Abelian G2-instantons on X1,1. Then, in theorem 11 we prove that the same
phenomenon as in theorem 7 occurs in the case of X1,1. Namely, we prove that on
X1,1 there are irreducible invariant G2-instantons, with gauge group SO(3), that as
the G2-structure varies merge into the same reducible and obstructed one.
Then, in section 5.3 we specialize to a certain subfamily of G2-structures in C and
write down the explicit formulas for the G2-instantons in this subfamily. The main
results here are theorems 12 and 13. In particular, this last one proves that there
are two bundles (one of which is the trivial one) carrying irreducible G2-instantons,
with gauge group SO(3), for a continuous family of G2-structures. Also, we
prove in theorem 14 that as the fibres of a projection pi : X1,1 → CP2 collapse,
the irreducible G2-instantons in the trivial bundle converge to the pullback of a
connection from CP2. We also show this cannot be true for the G2-instantons in
the other bundle. Finally, in corollary 5 we prove that: while there are no invariant
irreducible G2-instantons with gauge group SO(3) for the tri-Sasakian structure on
X1,1, these do exist for the strictly nearly parallel one.
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5.1 Abelian case
The following theorem is the analog of theorem 5, classifying invariantG2-instantons
on X1,1 with gauge group U(1). Note that for (k, l) = (1, 1),
Γ = 3A2(C2 −B2), ∆ = A2B2 +A2C2 − 2B2C2.
Theorem 9. Equip X1,1 with the G2-structure 3.1. Let An be an invariant G2-
instanton on the line bundle Qn over X1,1. Then,
1. if AD +BC 6= 0, either
(a) ∆ 6= 0, in which case An is the unique G2-instanton on Qn. Its
connection 1-form is
An = −n
2
(
1√
6
h+
Γ
3
√
2∆
ω4
)
.
(b) ∆ = 0, but Γ 6= 0 in which case n = 0 and so A lives in the trivial
homogenous bundle (i.e. that associated with λ0), and An is simply one
of the 1-forms bω4, for some b ∈ R.
(c) ∆ = 0 and Γ = 0, in which case there is a real 1-parameter family of
such instantons.
2. while if AD +BC = 0, then either
(a) ∆ 6= 0, in which case there is a real 2-parameter family of such G2-
instantons on Qn, and An is given by
An = −n
2
(
1√
6
h+
Γ
3
√
2∆
ω4 + a1ω1 + a5ω5
)
,
for some a1, a5 ∈ R.
(b) ∆ = 0, but Γ 6= 0 in which case n = 0 and so A lives in the trivial
homogenous bundle (i.e. that associated with λ0), and A is simply one
of the 1-forms bω4 + a1ω1 + a5ω5, for some a1, a5, b ∈ R.
(c) ∆ = 0 and Γ = 0, in which case there is a real 3-parameter family of
such instantons.
Proof. Any AbelianG2-instanton can be interpreted as a reducible SO(3) instanton.
Hence, we can use the formulae 3.2.2 for the connection form
An = −n
2
h√
6
+ bω4 + a1ω1 + a5ω5.
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For this connection the 6-form Fn ∧ ψ becomes
√
2BC(AD +BC) (a1ω234567 + a5ω123467)
+
(
1√
2
∆a4 +
1
12
nΓ
)
ω123567.
Equating this to zero the result follows from splitting into the various possible cases
and simple algebraic manipulations.
Remark 22. • The condition that ∆ = 0 = Γ and AD +BC = 0 can occur.
Take for example a G2-structure with A = B = C and D = −A. In this
case there is a 3-parameter family of invariant G2-instantons on any complex
line bundle over X1,1.
• These existence of this real 3-parameter family for these G2-structures can
be understood in light of proposition 4.
5.2 Non-Abelian case
Next we have the analog of theorem 6, classifying invariant, irreducible G2-
instantons over X1,1 with gauge group SU(2).
Theorem 10. Equip X1,1 with the G2-structure 3.1. Then, invariant, irreducible
G2-instantons exist on the bundle Pλn if and only if
1. n = 0 and −∆ (1 + ADBC ) > 0, in which case the G2-instanton has connec-
tion 1-form
A0 = a4ω4 ⊗ T1 + a1 (ω1 ⊗ T2 + ω5 ⊗ T3) ,
where the ai satisfy
a21 =
−∆
4B2C2
(
1 +
AD
BC
)
a4 = − 1√
2
(
1 +
AD
BC
)
.
2. n = 3 and σ2(ϕ) = 3
(
1
2 − BDAC
)
∆ + 32Γ > 0, in which case a1 = a5 = 0,
and
a22 =
1
12A2C2
(
3
(
1
2
− BD
AC
)
∆ +
3
2
Γ
)
b =
1
2
(
1
2
− BD
AC
)
.
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3. n = −3 and σ3(ϕ) = 3
(
1
2 − CDAB
)
∆− 32Γ > 0, in which case a1 = a5 = 0,
and
a23 =
1
12A2B2
(
3
(
1
2
− CD
AB
)
∆− 3
2
Γ
)
b =
1
2
(
1
2
− CD
AB
)
.
Proof. We follow the same strategy as in the proof of theorem 6, splitting into the
cases described above.
Case 0: n 6= 0, 3,−3. Here An is always reducible so there cannot be an
invariant, irreducible instanton. We note that the reducible G2-instantons arising
from this case are exactly those appearing in theorem 9.
Cases 2 and 3: n = 3,−3. These cases can be handled in the same way as the
second and third items in theorem 6, so we omit the details.
Case 1: n = 0. Here any invariant connection is simply a left, and Ad(U(1)1,1)
invariant 1-form, with values in so(3). We write it as
A0 = ω1 ⊗ c1 + ω4 ⊗ c4 + ω5 ⊗ c5,
where c1, c4, c5 ∈ so(3). We compute the curvature of this connection using the
formula F 0 = dA0 + 12 [A
0 ∧A0]. This gives
F 0 = dω1 ⊗ c1 + dω4 ⊗ c4 + dω5 ⊗ c5
+ ω14 ⊗ [c1, c4] + ω15 ⊗ [c1, c5] + ω45 ⊗ [c4, c5].
The equation F 0 ∧ ψ = 0, after a small amount of simplification, yields
BC[c1, c4] =
√
2 (AD +BC) c5
BC[c4, c5] =
√
2 (AD +BC) c1√
2 B2C2[c1, c5] = ∆c4.
Bracketing the third equation with c4 gives us [[c1, c5] , c4] = 0. We first assume
that [c1, c5] 6= 0, which by the third equation implies c4 6= 0. This being the case,
we may change gauge to require that
c1 = r1T2, c4 = r4T1, c5 = r5T3
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for some nonzero real constants r1, r4, r5. With this choice, the system becomes
− 2BCr1r4 =
√
2 (AD +BC) r5
− 2BCr4r5 =
√
2 (AD +BC) r1
2
√
2B2C2r1r5 = ∆r4.
since we have assumed that the ri are nonzero, we must have ∆ 6= 0 and AD +
BC 6= 0. The solutions to these equations are readily found to be
r21 =
−∆
4B2C2
(
1 +
AD
BC
)
r5 = ±r1
r4 = ∓ 1√
2
(
1 +
AD
BC
)
,
This seems to yield four solutions, provided
− ∆
2
√
2
(
1 +
AD
BC
)
> 0,
however the solutions differing only by the ± sign are gauge equivalent: we can
change gauge to send T1 to −T1, and T3 to −T3. At this point we set a1 = r1 and
a4 = r4 yielding the result in the statement.
If [c1, c5] = 0 then we may by change of gauge fix c1 = λ1T1, c5 = λ5T1
for some (possibly zero) constants λ1, λ5. Then, considering the first equation
BC[c1, c4] =
√
2 (AD +BC) c5, we must have [c1, c4] = 0. Therefore the con-
nection is reducible, and the solutions will correspond to Abelian G2-instantons
already described in theorem 5.
With exactly the same method as in theorem 11 we can prove that when the
G2-instantons merge they become reducible and obstructed.
Theorem 11. Let {ϕ(s)}s∈R be a continuous family of G2-structures as in 3.1 such
that σ1(ϕ(s)) > 0, for s < 0 and σ1(ϕ(s)) < 0, for s > 0. Then as s ↗ 0 the
two irreducible G2-instantons on Pλ0 from theorem 6 merge and become the same
reducible and obstructed G2-instanton when they disappear for s ≤ 0.
Remark 23. A similar statement holds for the G2-instantons on Pλ± with σ1
replaced by σ2 and σ3 respectively.
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5.3 An example of merging G2-instantons on X1,1
We may think of pi1 : X1,1 → CP2 as in remark 12, i.e. as an SO(3)-bundle
over CP2, which is a quaternion-Kähler 4-manifold (anti-self-dual, Einstein) with
positive Einstein constant. The discussion before proposition 5, in section 2.2, shows
thatX1,1 carries two nearly parallelG2-structures. One inducing a tri-Saskian metric
and other inducing a strictly nearly parallel one. This last one will be contained in
the family of G2-structures we consider in this section. Proposition 5 gives some
examples of G2-instantons on X1,1 by pulling back anti-self-dual connections on
CP2. In fact, on any line bundle over CP2 there is one such connection that is
SU(3)-invariant, namely the canonical connection −n2 1√6h on the degree n-bundle.
In what follows we shall confirm this fact and we will also obtain other examples of
G2-instantons that are not pulled back from CP
2.
In this subsection we will consider the G2-structures in the family 3.1 that satisfy
C = B and D = A. This is, up to scaling, the 1-parameter family in the hypothesis
of proposition 5 with t proportional to A/B. For completeness we note that the
G2-structure in equation 3.1 gives
ψ = B4
(
ω2367 − A
2
B2
(ω51 ∧ Ω1 + ω45 ∧ Ω2 − ω14 ∧ Ω3)
)
,
where Ω1 = ω26 +ω37, Ω2 = ω23 +ω76 and Ω3 = ω27 +ω63 form an orthonormal
basis for the pullback of the space of self-dual 2-forms on CP2. One can then chack
that this family contains one of the homogeneous nearly parallel G2-structure on
X1,1. In fact, one can check that A = 2
√
2/λ and B = 2/λ satisfy dϕ = λψ.
For the structures we are considering,
AD +BC = A2 +B2 6= 0,
∆ = 2B2(A2 −B2),
Γ = 0,
and thus theorem 9 tells us that for ∆ 6= 0, i.e. A2 6= B2, there is a unique
G2-instanton on Qn, this has b = 0 and so is precisely the canonical invariant
connection − n
2
√
6
h. Its curvature is
− n
2
√
6
dh = −n
4
(ω26 − ω37),
and as remarked before, is actually the pullback from CP2 of self dual 2-form. On
the other hand, the first bullet in the same theorem shows that when A2 = B2
there is a one parameter family of G2-instantons, namely any of the connections
− n
2
√
6
h+ bω4, for b ∈ R. We state these conclusions as
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Theorem 12. Let A,B ∈ R+ and equip X1,1 = SU(3)/U(1)1,1 with the G2-
structure
ϕA,B = A
3ω145 +AB
2(ω123 − ω167 + ω257 − ω356 − ω426 − ω437).
If L is a complex line bundle over X1,1 with c1(L) = n ∈ Z ∼= H2(X1,1,Z), then:
• If A2 6= B2 the canonical connection − n
2
√
6
h is the unique invariant G2-
instanton on L.
• If A2 = B2, then the connections − n
2
√
6
h+ bω4 are G2-instantons for any
b ∈ R, these being the unique invariant G2-instantons on L.
Remark 24. 1. The canonical connection − n
2
√
6
h is the pullback of an anti-
self-dual connection on CP2. Therefore, the fact that it is a G2-instanton with
respect to ϕA,B also follows from proposition 5. Its uniqueness for the nearly
parallel structure is also a consequence of corollary 2, however uniqueness
amongst invariant ones for other structures in the family {ϕA,B}A 6=B is not.
2. The Abelian instantons constructed for A = B show that the uniqueness
part of corollary 2 does not extend from nearly parallel to general coclosed
G2-structures. In fact, not even the rigidity stated in corollary 3 holds.
We turn now to invariant, irreducible, non-Abelian G2-instantons. We start with
case n = k − l = 0. Theorem 10 tells us that G2-instantons on P0 exist if and only
if
−2B2(A2 −B2)
(
1 +
A2
B2
)
> 0,
or in other words if and only if B2 > A2. In this case we have
A0 = a4ω4 ⊗ T1 + a1 (ω1 ⊗ T2 + ω5 ⊗ T3) ,
where the ai must satisfy
a21 =
B4 −A4
2B4
a4 = −A
2 +B2√
2B2
.
The curvature of these connections is
F = F1 ⊗ T1 + F2 ⊗ T2 + F3 ⊗ T3,
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with
F1 = −
(
A2
B2
+ 1
)(
A2
B2
ω15 − 1
2
(ω26 − ω73)
)
(5.1)
F2 = ±
√
1− A
4
B4
(
A2
B2
ω45 − 1
2
(ω23 − ω67)
)
(5.2)
F3 = ±
√
1− A
4
B4
(
A2
B2
ω14 − 1
2
(ω36 − ω27)
)
.(5.3)
The other cases when there exist nontrivial invariant connections are when n =
±3. Notice that P3 and P−3 are interchanged by the automorphism of SU(3)
given by g 7→ g−1. This automorphism preserves U(1)1,1 and so descends to a
diffeomorphism of X1,1 = X−1,−1. We shall therefore consider only the case
n = 3 where a1 = a3 = 0. Also in this case, our work above gives that there are
irreducible, invariant G2-instantons on P3 (resp. P−3) if and only if
σ2 = σ3 = 3B
2(B2 −A2) ≥ 0,
i.e. B2 > A2. In that case we have
a2 = ±1
2
√
−1 + B
2
A2
, a4 = − 1
2
√
2
,
and their curvature is such that
F1 = −1
2
ω15 −
(
1− B
2
2A2
)
ω26 + ω37(5.4)
F2 = ± 1√
2
√
−1 + B
2
A2
(
ω46 +
1
2
(ω13 − ω57)
)
(5.5)
F3 = ∓ 1√
2
√
−1 + B
2
A2
(
−ω24 + 1
2
(ω17 − ω35)
)
.(5.6)
As before these are clearly irreducible and not pulled back from CP2 via pi. We
have thus proved
Theorem 13. ForA,B ∈ R+ letϕA,B be theG2-structure onX1,1 = SU(3)/U(1)1,1
from theorem 12. Let∇A be an SU(3)-invariant, irreducibleG2-instanton for ϕA,B ,
with gauge group SO(3). Then, either
1. ∇A lives on P0, the trivial SO(3)-bundle over X1,1, in which case the fol-
lowing holds:
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• If A < B, then∇A is one of two G2-instanton on P0, having curvature
as in equations 5.1–5.3.
• If A ≥ B, there is no invariant, irreducible G2-instanton on P0.
2. ∇A lives on one of the bundles P3 or P−3, in which case the following holds:
• If A < B, then ∇A is one of two invariant, irreducible G2-instantons
on P±3. In the case ∇A lives on P3, its curvature is as in equations
5.4–5.6.
• If A ≥ B, there is no invariant, irreducible G2-instanton on either P±3.
Remark 25. • Both in P0 and P3, the G2-instantons (∇A)A,B constructed
above become Abelian when A = B.
• None of the irreducible G2-instantons on P0 and P3 constructed for A < B
is pulled back from CP2 and so do not follow from proposition 5.
The instantons on P0 and P3 constructed above are quite different. In fact, look-
ing at the expressions for the curvature of these, we see that by metrically collapsing
the fibers of pi : X1,1 → CP2 by sending A to 0, the instantons constructed on P0
converge to the pullback of a connection on CP2. However, this property does not
hold for those constructed on P3. More precisely, we have
Theorem 14. Let (∇A)A,B be the G2-instanton associated with ϕA,B on P0. Then,
there is a SO(3)-connection ∇ on CP2 such that as A → 0, (∇A)A,B converges
uniformly with all its derivatives to pi∗∇.
Let (∇˜A)A,B be the G2-instanton associated with ϕA,B on P3. There is no con-
nection ∇ on CP2 such that (∇A)A,B → pi∗∇ uniformly with respect to ϕ1,1, as
A→ 0.
Proof. Let P = SU(3)×U(2),λSO(3) be the bundle constructed from λ : SU(2)×
U(1)/Z2 → SO(3) with
λ(g, eiθ) = g mod − 1.
The canonical invariant connection∇ associated with this bundle is− 1√
2
(ω4⊗T1 +
ω1 ⊗ T2 + ω5 ⊗ T3) ∈ Ω1(SU(3), so(3)). Its curvature is F = T1 ⊗ T1 + F2 ⊗
T2 + F3 ⊗ T3 is such that
F1 =
1
2
(ω26 + ω37), F2 = ∓1
2
(ω23 − ω67), F3 = ±1
2
(ω27 + ω63),
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and so is a self-dual connection. In fact notice that the components F1, F2, F3 of
the curvature pullback to Ω1,Ω2,Ω3 on X1,1 respectively. We now let (∇A)A,B be
our G2-instanton on ϕA,B which has connection 1-form
− 1√
2
(
A2
B2
+ 1
)
ω4 ⊗ T1 − 1√
2
√
1− A
4
B4
(ω1 ⊗ T2 + ω5 ⊗ T3),
seen as an element of Ω1(SU(3), so(3)). Hence the difference of the two connec-
tions aA,B = (∇A)A,B − pi∗∇ is a dh-horizontal 1-form in SU(3) given by
a =
A2
B2
ω4 ⊗ T1 + 1√
2
(√
1− A
4
B4
− 1
)
(ω1 ⊗ T2 + ω5 ⊗ T3).
Using the fixed metric associated with the G2-structure ϕ1,1 to take norms we
compute that for any k ∈ Z+
‖aA,B‖Ck ≤ ck
A2
B2
,
for some positive constant ck independent of A, B. Taking A to 0 we see that
aA,B converges uniformly to 0 with all derivatives, proving the first assertion in the
statement.
We turn now to the proof of the second assertion. Namely, that the same phenomena
cannot happen for the instantons we constructed on Pλ3 . If such a statement was
true then the curvatures F˜A,B of (∇˜A)A,B should converge to an so(3)-valued 2-
form on SU(3) that is basic with respect to the projection SU(3) → CP2. Any
linear combination V of the vector fields e1, e4, e5 is vertical with respect to this
projection. Taking V = e1 we have
ιe1F˜A,B = −
1
2
ω5 ⊗ T1 ± 1
2
√
2
√
−1 + B
2
A2
(ω3 ⊗ T2 − ω7 ⊗ T3)
and clearly limA→0 ‖ιe1F˜A,B‖Ck = +∞ for all k ∈ N0. Hence, F˜A,B cannot
converge to a basic form.
Remark 26. The SO(3)-connection ∇ on CP2 appearing in the previous theorem
is in fact self-dual. However, we do not want to emphasize this fact too much, as
it may be misleading. Indeed, we expect that in other similar situations the same
phenomena can occur with the corresponding∇ not being self-dual.
There is one other homogeneous nearly parallel G2-structure on X1,1. In fact,
the equations for homogeneous nearly parallel G2-structures in the case (k, l) =
(1, 1) yield 8 solutions, which give rise to two different metrics. The solutions are
completely determined by C2 = B2, D2 = A2 and
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• A2 = 2B2 and ABCD > 0, in which case the corresponding metric is
tri-Saskian.
• A2 = 2B2/5 and ABCD < 0, and so the G2-structure is obtained through
the squashing construction in section 2.2. In this case the corresponding
metric is a proper nearly parallel G2-metric, see theorem 5.5 in [19].
Notice that theorem 13 does not yield any irreducible G2-instanton for the nearly
parallel G2-structure contained in the family we are analysing, which is the one
inducing the tri-Saskian structure. However, as we shall now show, the strictly
nearly parallel does.
Corollary 5. • There is no irreducible, invariant G2-instantons with gauge
group SO(3) for the nearly parallel G2-structure on X1,1 inducing the tri-
Saskian metric.
• There are irreducible, invariant G2-instantons with gauge group SO(3) for
the strictly nearly parallel G2-structure on X1,1.
Proof. Any homogeneous nearly parallel G2-structure on X1,1 satisfies A2 = D2
and B2 = C2. Moreover, they must be such that and either
• A2 = 2B2 and ABCD > 0. In fact, for ABCD > 0 we compute
σ1(ϕ) = 6(B
4 −A4), σ2(ϕ) = σ3(ϕ) = 3B2(B2 −A2).
As the nearly parallel G2-structure in this case has A2 = 2B2 > B2 we see
that all σi, for i = 1, 2, 3, are negative and so there are no G2-instantons.
• A2 = 2B2/5 and ABCD < 0. In this case we compute that for ABCD < 0
σ1(ϕ) = 6(A
2 −B2)2, σ2(ϕ) = σ3(ϕ) = 9B2(A2 −B2).
The nearly parallel G2-structure has A2 = 2B2/5 < B2, so both σ2 and
σ3 are negative. On the other hand σ1 is positive and so there, irreducible
G2-instanton on this nearly parallel G2-structure do exist. Any such must
live in the trivial bundle Pλ0 .
Remark 27. • The previous result shows the G2-structures inducing the tri-
Sasakian and the strictly nearly parallel G2-structures on X1,1 can be dis-
tinuguished by the existence of an irreducible, invariant G2-instantons with
gauge group SO(3).
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• We further remark that we are not analyzing the most general homogeneous
and coclosed G2-structures on X1,1. In fact, for (k, l) = (1, 1) there is a
larger dimensional family, containing in particular a nearly parallel G2-
structure whose associated metric is Sasaki-Einstein, see [6] and [9].
• In the Sasaki case, a Hermitian connection is transverse Hermitian-Yang-
Mills (tHYM) if its curvature is basic with respect to the Reeb-flow and
satisfies
F 0,2 = 0, ΛTF = 0,
where F 0,2 is the (0, 2)-component of the curvature with respect to the trans-
verse complex structure and ΛT is the dual of wedging with the transverse
Kähler form. Equivalently, a tHYM connection is characterized by having
basic curvature and its pullback to the metric cone being HYM with respect to
the Kähler structure induced on the cone. See [10] for relations of G2 gauge
theory when a Sasakian structure is present.
6 Questions for further work
The following are natural questions for further work
1. Similar methods can be used in many other cases where homogeneous G2-
structures exist. Of particular interest would be the cases admitting nearly
parallel G2-structures, see [19] for the classification of homogeneous nearly-
parallel G2-manifolds.
2. Carry on a general analysis for which (k, l) do theorems 5 and 6 provide
irreducible G2-instantons for the nearly parallel G2-structures in Xk,l. We
intend to address this question in the future.
3. Compute the Crowley-Nordström invariants, [14], for theG2-structures ϕ ∈ C
and check if this distinguishes the two disconnected components in C. If that
is the case, then for k 6= l, l 6= m, m 6= k these invariants can be used to
distinguish the two strictly nearly parallel G2-structures.
4. Given a G2-instanton A for a G2-structure on Xk,l such that A is also Yang-
Mills, in which cases is A stable as a Yang-Mills connection? Here, it would
be interesting to understand better how the answer to this question depends
on the G2-structure.
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